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Prodution and onsumption of energy and water are losely intertwined. Energy and

water are valuable resoures that sustain human prosperity and are largely interdependent.

There are demands and restritions in many areas as a result of eonomi and population

growth and limate hange, whih amplify the mutual vulnerability of energy and water. Un-

derstanding the intriate relationship between energy and water and developing tehnologies

to keep that relationship in balane is an important key to a sustainable and seure future

for any ountry. The time has ome to onsider both issues as one. Two models are proposed

to analyze the entral problem in the energy-water nexus: one as an Input-Output Leon-
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hapter 1

Introdution

Energy and water are of utmost importane for any ountry's eonomy and way of life.

Understanding the intriate relationship between energy and water and developing tehnolo-

gies to keep that relationship in balane is an important key to a sustainable and seure future

for any ountry. There are tradeo�s between energy and water. Large sale power plants ��

nulear, oal, biomass and of ourse, hydroeletri �� use lots of water. Conversely, making

drinkable, potable water, and piping it into big ities, involving typially large distanes er-

tainly requires plenty of energy. Water and energy are strongly tied and ertainly dependent

on eah other, with eah a�eting the other's availability. Water is neessary for energy de-

velopment and generation, and energy is needed to supply, use, and treat drinking water and

waste water. Both, energy and water are essential to our health, quality of life, and eonomi

growth, and demand for both these resoures ontinues to rise. Water and energy are the

two most fundamental resoures of modern ivilization. People die when they annot grow

food, if water is not available. Without energy, one annot run omputers or power homes,

shools, o�es, farms, or industrial plants. As the world's population grows in number and

a�uene, demand for both resoures is inreasing faster than ever. The Earth holds about

eight million ubi miles of fresh water �� tens of thousands of times more than humans'

annual onsumption. Only about 2.5% of the world's water is fresh water. Unfortunately,

less than 1% is aessible via surfae soures and aquifers, and the rest is imprisoned in un-

derground reservoirs and in permanent ie and snow over. Also, the available water is often

not lean or loated far from population enters. The reality that one of these preious re-

soures, energy or water, might soon impede the use of the other has been under-estimated.
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To generate energy, massive quantities of water are onsumed, and to deliver lean water,

massive quantities of energy are onsumed. Desalination, a proess that removes salt from

water, is the most energy-intensive and expensive option for treating water and is used where

alternatives are very limited. Other energy needs assoiated with water our at the end-use

point, often in households, primarily for heating water, ooling water, washing lothes, and

pumping water. Many people are onerned about the perils of peak oil �� running out of

heap oil. A few are voiing onerns about peak water. But almost no one is addressing

the on�it between the two: water restritions are hampering solutions for generating more

energy, and energy problems, partiularly rising pries, are urtailing e�orts to supply more

lean water. Physial onstraints on the availability of water for the energy setor involve both

quantity and quality issues: there may not be enough of it or that whih is available may

be of poor quality. These restritions may be natural or may arise from regulation of water

use. One annot build more hydroeletri power plants without taking into aount that they

impinge on the supply of fresh water. And one annot build more water delivery and lean-

ing failities without inreasing demand for energy. Solving the dilemma requires new global

poliies that integrate energy and water solutions and innovative tehnologies that help to

boost one resoure without draining the other. One needs an analytial tool, a mathematial

tool, to address this problem. A dynami mathematial model is proposed here. Water and

energy are fundamentally linked. Poliy reforms in both industries, however, do not appear

to aknowledge the links nor onsider their wider impliations. This is learly unhelpful, par-

tiularly as poliy makers attempt to develop e�etive responses to water and energy issues,

underpinned by prevailing drought onditions and impending limate hange, and an ever

inreasing demand for both resoures. Energy prodution requires a reliable, abundant, and

preditable soure of water, a resoure that is already in short supply throughout muh of the

world. The time has ome to onsider both issues as one. Instead of water planners assuming

they will have all the energy they need and energy planners assuming they will have all the

water they need, they must get in the same room to make deisions. A restruturing of the

institutional arrangements is in order. An analytial tool is required. This is the underlying

idea of this proposed analytial model. Here the links between the water-energy nexus or the

energy-water nexus will be analyzed� in the general ontext.
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1.1 Objetives

The goals of this researh were to investigate the energy-water nexus, and analyze the

tendenies of important deision making for eonomi and population growth.

1.1.1 General Objetive:

Establish a rationale for better management of the energy-water nexus

1.1.2 Spei�s Objetive:

• Take a deep breath, review and establish the ontext of the problem;

• Construt a model adaptable for loal ontext solutions (Supply Chain Model);

• Propose an optimal ontrol model for general ontext solutions (Optimal Control Model).

1.2 Thesis Struture

This doument is divided into �ve hapters:

• The Problem: Energy and Water Issues (Chapter 2) � Provides a bakground on water,

energy, their interonnetion, and previous work on modeling future impats. Review and

have some examples about the energy-water nexus.

• Energy-Water Nexus: An Input-Output Dynamial Model (Chapter 3) � Supply hain

management is an essential tool in business administration. The input-output matrix, whih

is part of an underlying mathematial model, is onsolidated using the Leontief Model to

analyze the dynamis of the energy-water nexus.

• Energy-Water Nexus: An Optimal Control Model (Chapter 4) � An energy-water nexus

mathematial model is proposed, formulated in terms of an optimal ontrol problem rep-

resenting an evolving eonomy; an optimal eonomi growth model. It is written as a

maximization of a time-driven soial welfare funtion, subjet to onstraints de�ned by

inome and investment identities, prodution tehnologies, the dynami onsumption of

reserves, as well as the energy balane and the labor fore balane.

• Conlusion and Topis for the Future (Chapter 5) � Conlusion and Topis for the Future

are presented.



hapter 2

The Problem: Energy and

Water Issues

The general ontext and issues regarding emerging problems in the energy-water nexus

are presented.

2.1 The importane of mathematial modeling for siene,

soiety and sare resoures

The dynamis, as stated by Gray and Hotelling, should always be dealt with in ontinu-

ing growth models that work with exhaustible resoures. The modeling, espeially in soial

sienes, whih addresses very sensitive issues, opens a wide range of disussions of the peu-

liarities of eah party in the equation omposing these models. To understand the plethora

of aademi disussions, it is neessary to be familiar with a typial optimal ontrol problem.

In general, there are three main tools for dynamial systems modeling. They are: dynami

programming, the alulus of variations and optimal ontrol theory. Dynami programming

deals with large appliations, but its simplest use is in disrete time problems. The priniples

of dynami programming have been developed by the Amerian mathematiian Rihard Bell-

man in 1957. Dynami programming, when dealing with ontinuous-time problems, involves

very advaned mathematial proedures; in partiular, it uses partial di�erential equations

to obtain a solution, whih makes the proess to obtain the solutions to the problems very

hard. The alulus of variations was born in the seventeenth entury, and had as one of its

pioneers, Isaa Newton, who solved a problem of the alulus of variations, and in 1687 pub-
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lished the book Prinipia Matematia Philosophiae Naturalis. The mathematiians, Leibniz,

John Bernoulli and James Bernoulli also solved problems similar to Newton's. The alulus

of variations is still used, however, and the ontinued study of variation problems led to de-

velopment of a more modern method, alled the optimal ontrol theory. The optimal ontrol

theory is a modern generalization of the alulus of variations that omes from the work of

the Russian mathematiian, Lev Semenovih Pontryagin, who reeived a siene prize for his

�Pontryagin Maximum Priniple� [68℄. At 14 years of age Pontryagin su�ered an aident

that left him blind for life. He worked with topology, proving in 1934, one of the problems

posed by Hilbert in 1900. Pontryagin in 1952 hanged ompletely the diretion of his researh.

He began studying applied math problems, in partiular studying di�erential equations and

ontrol theory. In 1962 he published �The Mathematial Theory of Optimal Proesses� with

other authors, and his work nowadays is the most signi�ant development of optimal on-

trol theory [69℄. The appliation of optimal ontrol theory in the study of eonomis led

to various results, theoretial and pratial, whih previously ould not be formulated. The

apital theory, formulated before the alulus of variations, had suh a large input from the

Pontryagin approah, that it hanged what was onventionally alled the theory of growth,

using the maximum fundamental theorem for optimal ontrol theory, and therefore the the-

ory of growth itself [70℄. After this, the use of optimal ontrol theory has beome frequent in

eonomi analysis.

As an example, a typial problem of optimal ontrol theory has the following general

form: an objetive funtional that should be maximized; equations that restrit the objetive

funtion whih ould be di�erential equations (whih govern the movements of the system.

These determine where the system is, and in what state; the group of dynami variables

that ompose these equations are alled system state variables) or equality equations (whih

de�ne some known onept of the problem or some balane that must be improved by the

system); and the onditions of transversality (boundary onditions, i.e., initial and terminal

onditions). In addition, ontrol variables must be spei�ed in order to highlight whih

variables must be manipulated by the agent through standards or poliies. The objetive

funtion must aount for the results obtained by the agent request. As the name suggests,

it should re�et the main objetive of the agent. The restritions set a workable framework

through whih must pass the values of the objetive funtion; it delimits the spae of ations

agent. The transversality onditions provide information from the beginning point to where
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and how you want to go; these onditions may be restritive or not regarding the objetives

of the agent. The Maximum Priniple transforms the problem from its original format to a

problem whih is equivalent mathematially and easier to be solved. This requires de�ning

the state variables by simple inspetion of the original equations; and de�ning the ontrol

variables, whih is an individual hoie from the proposer modeling the phenomenon. The

appliation of the Maximum Priniple reveals the optimal onditions through the derivations

of the new objetive funtion and other transversality equivalent onditions to the original

interation. A good eonomi interpretation of Maximum Priniple applied to the eonomy,

to one ontrol variable and one state variable, is exposed in Dorfman (1969)[70℄. To see a

more omplete piture of the three tools, see [68℄.

2.2 Water Overview

Water has several features that make the publi setor play a more essential role in devel-

opment and management than for other ommodities, whih an be manipulated e�iently by

market strutures[71℄. Water is usually a liquid, physially speaking. That is why it�s mobile:

water tends to �ow and evaporate, in�ltrate as it moves through the water yle. This auses

problems in mobility identi�ation and measurement of spei� units of the resoure. The

supply of water tends, due to natural limate �utuations, to be variable, so that the risks

of sarity and exess are one of the biggest problems of water management[72℄. The global

water supply is �xed overall though, but this value varies loally and in extreme ases an

hange, leaving a spei� loation that had a ertain supply of water, without water. That

type of attribute should be taken into aount when talking about omplex water supply and

distributions projets.

Eonomially, water an be treated as a natural resoure with a high ost of exlusion

(when the servie is provided to a user, it is di�ult to exlude other suppliers), i.e., the

exlusive property rights that are the foundations of a market or eonomi exhange are

relatively di�ult and ostly to be established or enfored. Thus, property rights regarding

water are most often inomplete or absent [71, 72℄. On the demand side, water is a multiple

use resoure. These uses are in the best of times ompetitive, involving exhanges (tradeo�s)

between their uses. In the meantime, assuming that there is a manager for the resoure, or

at least alloations of greater supply to demand, it is possible to study how best to treat this

ompetition.
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2.2.1 Water Demand: Considerations Regarding General Water Consumption

The Central Problem is that water is a plentiful resoure, but it is not always available

for human use in su�ient quantities or at the quality, time and plae required. Only about

2.5% of the world's water is fresh water. Of that, less than 1% is aessible via surfae soures

and aquifers � the rest is loked up in glaiers and ie aps, or is deep underground[43℄.

This means rooms lighting, powering omputers and televisions, and running applianes

requires more water on average than the total amount we use in our homes washing dishes

and lothes, bathing, �ushing toilets and watering lawns and gardens. This huge volume of

water has to ome from somewhere. Aross the ountry, the agriultural water demand is

ompeting with the pressure of growing populations and other neessities requiring strething

water resoures, espeially during droughts and heat waves.

The extent to whih water resoures are under pressure in a partiular ountry or region

depends on how human onsumption relates to supply. Globally, agriulture is the main user

of water, aounting for 70% of water use, followed by industry (inluding mining and power

generation) 19%, and muniipal networks that meet the water needs of publi and private

users, 11% [41�43℄. Water resoures may vary signi�antly from one river basin to another

and an be loated far away from areas where demand is greatest.

Figure 2.1 illustrates the world water resoures and onsumption:

2.1

Figure 2.1: The World Water Resoures and Consumption

Climate hange, along with population and eonomi growth provide a future with more
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water restritions in many regions. Water yles and limate are losely linked: rising tem-

peratures will aelerate the movement of water, inreasing evaporation and preipitation.

Expeted impats inlude falling average �ow of surfae water (glaier melt being an exep-

tion); higher temperatures of the surfae water; redued snow over and hanged timing of

spring defrost; a rising sea level, whih will ontaminate freshwater soures; and droughts,

heat waves and �oods will beome more frequent and more severe [44℄. People are hanging

their diet habits. As they begin to live in urban enters, have easy aess to water, they use

more than when they were rural residents. And while ountry people onsume more vegeta-

bles, in urban enters the demand for meat inreases. And the amount of water to produe

1kg of meat is huge (well above many vegetable rops)! Beause of the hange of diet to

inreased onsumption of meat, people will be indiretly inreasing their demand for water.

[39℄.

Among tehnial alternatives for water supply and management in the Brazilian Northeast

one may ite Manual dos Pequenos Açudes [93℄.

2.2.2 Water Demand: Considerations About Primary Energy Prodution

Water requirements for the prodution of fossil fuels � inluding resoure extration,

proessing and transport of the fuel yle � vary widely. Conventional natural gas involves

the use of water for drilling and minimal proessing and is usually muh lower than the

prodution of biofuels or other fossil fuels whih involve intensive use of water. Shale gas

extration uses additional water for hydrauli fraturing, a well augmentation tehnique that

pumps �uids (water and sand mixed with hemial additives that help the proess) into shale

formations at high pressure to rak the rok and release the gas. The water requirements for

shale gas reovery depend on the gas, the number of hydrauli fraturing treatments performed

and the use of water reyling tehnologies. These fators vary from well to well, but may need

to involve rates many times greater than onventional water/gas use. In addition, there is

publi onern about potential risks of water ontamination assoiated with the development

of shale gas, spei�ally the seepage of fraturing �uids, hydroarbons or saline water into

groundwater and the handling and disposal of wastewater. These risks, whih are also present

in the development of onventional oil and gas, may be responsibly addressed by a small

additional ost, using existing tehnologies and best praties [45℄. Coal prodution uses

water primarily for mining ativities suh as oal utting and dust suppression. The amount
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of water needed depends on the harateristis of the mine, i.e., whether it is on the surfae or

underground and the requirements for proessing and transport. Dry oal inreases its quality,

but involves additional water. Washing is urrently performed mostly just for types of export

quality oal, but there is not muh spae to pratie beoming more widespread beause of

their potential to inrease the e�ieny of the power plant, as in India. The main onerns

of water quality for the prodution of oal are the disposal of mine tailings and that an

pollute surfae and groundwater operations. The amount of water needed for oil extration

is determined by the reovery tehnology in relation to the geology of the oil �eld and its

prodution history. Water needs for the extration of onventional oil are relatively minor,

similar to onventional gas. Seondary reovery tehniques using water �ooding to inrease

the pressure of the reservoir may need to be about ten times higher than those assoiated

with primary reovery, whih is based on natural mehanisms to support water. Prodution

of syntheti rude from oil sands is omparatively more water intensive, while in-situ reovery

uses, on average, less than one quarter of the amount of water used in surfae mining. Re�ning

of rude oil into end use produts requires more water for ooling and hemial proesses; the

amount varies aording to tehnologies used (a ooling system, for example) and the proess

on�guration [43, 47, 48℄.

Biofuels require water for irrigating rops of raw materials and fuel onversion. Irrigation

needs an vary greatly, depending on the rop, the region where it is grown and the e�ieny

of irrigation tehnologies. Cultures growing raw materials that require minimal water or that

grow them in an area that reeives ample rainfall an greatly redue or eliminate the need

for water for irrigation. Rain fed rops grown in Brazil and Southeast Asia, for example,

typially make lower demands on water resoures than those grown in parts of the United

States, where rops are irrigated. Advaned biofuels derived from waste require little or no

water for their growth as raw fuel, and water used for these rops is alloated to an ativity of

primary value (food prodution, for example); the water use is greater for advaned biofuels

rops. [46, 49, 51℄.

2.2.3 Water Demand: How Power Plants Use Water

How muh water a power plant uses depends mainly on whih of three basi ooling

tehnologies it uses. �One-through� systems � whih, as the name implies, uses ooling water

one before disharging it � This tehnology requires muh more water from soures suh as
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lakes or rivers than other types of ooling systems.

�Reirulation� ooling systems require a fration of the water that one-through systems

do. However, reirulation systems an onsume twie as muh water as one-through systems,

or even more, beause the former evaporate muh of the ooling water to ondense steam.

Dry-ooled systems, whih blow air aross steam arrying pipes to ool them, use almost

no water. However, dry-ooled plants beome onsiderably less e�ient when ambient air

temperatures are high.

Both reirulation and dry-ooling systems require more energy than one-through sys-

tems. Beause of that energy penalty, and e�ieny losses at high ambient air temperatures,

some power plants rely on hybrid ooling systems. These systems�some ombination of the

aforementioned tehnologies�operate in dry-ooling mode muh of the time, but swith to

wet-ooling mode during hot weather [27℄.

The water demand of power plants varies widely. A nulear power plant with one-

through ooling, for instane, takes in 25,000 to 60,000 gallons of water for eah megawatt-

hour of eletriity it produes, but onsumes 100 to 400 gallons. A nulear plant using

reirulated ooling water, on the other hand, takes in 800 to 2,600 gallons per megawatt-

hour but onsumes 600 to 800 gallons � roughly half the amount withdrawn [38℄.

Renewable power plants have a wide range of water intensities: low-arbon eletriity

does not always mean low-water use. Wind turbines � the most widely deployed renewable

eletriity tehnology in the United States, aside from hydropower � use essentially no water

[27℄. The same is true of photovoltai panels. On the other hand, they rely on reirulation

ooling systems. Geothermal, biomass, and some types of onentration solar power plants

� all of whih use steam to drive turbines � use water in the same range as nulear or oal

plants. Some renewable energy power plants with turbines employ dry ooling, and those

require minimal amounts of water.

2.2.4 Water Demand: About the Food and Transport Problem

Food, Transport, Water and Energy

It may not seem so but the systems that help produe, bring and transport fresh food

and energy as well as lean, abundant water to all of us, are interonneted. It takes water

to reate food and energy, it takes energy to move and treat water and to produe food, it

takes water and energy to provide transport of these inputs, and sometimes it uses food as a
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soure of energy. These systems have beome inreasingly more omplex and dependent upon

one another. As a result, a disturbane in one system an wreak havo in the others, so it's

important to ahieve a sustainable balane among them.

Energy, Water and Agriulture

Energy has always been essential for the prodution of food. Prior to the industrial

revolution, the primary energy soure for agriulture was the sun; photosynthesis enabled

plants to grow, and plants served as food for livestok, whih provided fertilizer (manure) and

musle power for farming. However, as a result of the industrialization and onsolidation of

agriulture, food prodution has beome inreasingly dependent on energy derived from fossil

fuels. Industrial agriulture is inredibly water intensive. This sare resoure is used for rop

irrigation, whih aounts for 31% of all water withdrawals in the US, waste management (i.e.,

for �ushing manure out of industrial livestok failities) and as drinking water for animals.

This overuse of water has impliations in the energy setor as well. Fresh water is literally the

lifeblood of agriulture. We are leaning more about how agriulture uses and impats water,

the large water footprint of food and ways to protet water by understanding the impats

of our food hoies and water-smart agriulture praties. As ontextualized in the Energy-

Water Nexus, pumping, treating and moving suh large volumes of water require a great deal

of energy.

Modern agriulture relies upon mahinery that runs on gasoline and diesel fuel (e.g.,

trators and ombines), and equipment that uses eletriity (e.g., lights, pumps, fans, et.).

Muh of the food produed today is highly proessed and heavily pakaged, whih further

inreases its energy footprint. As a result of onsolidation and entralization of prodution,

foods are often transported long distanes, requiring additional energy inputs.

Energy poliy also a�ets agriulture. For example, world energy demands require the

prodution of billions of gallons of ethanol, whih is primarily and ontroversially derived

from biomass suh as orn. Corn grown for ethanol takes land away from food prodution

and, in states where orn is irrigated, uses a signi�ant amount of water.

Given the growing population food requirements, the world's �nite supply of fossil fuels and

the adverse environmental impats of using this nonrenewable resoure, the existing relation-

ship between agriulture and energy must be dramatially altered. Among the most obvious

solutions is to simply improve the energy e�ieny of food prodution and distribution. This

an be aomplished by shifting from energy-intensive industrial agriultural tehniques to
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less intensive methods (e.g., pasture-raised livestok, drip irrigation, non-syntheti fertilizers,

no-till rop management, et.), using more e�ient mahinery and equipment, reduing food

proessing and pakaging, promoting deentralization of food prodution and improving the

e�ieny of food transportation. Farms an also generate their own lean eletriity. While

houses, barns and other buildings provide ample roof spae for the installation of solar panels,

farms with large swaths of land in windy areas are ideal sites for wind turbines. By leasing

property for wind power prodution, these farms an earn an additional soure of revenue

while ontinuing to grow rops on surrounding land.

Despite the hallenges posed by the energy-intensive nature of agriulture, the prudent use

of resoures and judiious appliation of tehnology has the apaity to signi�antly improve

the long-term sustainability of food prodution.

2.2.5 Water Worries: World Comments

World�s Water Day

For 22 years, the UN drew attention to the strategi importane of fresh water and advo-

ated the sustainable management of this preious resoure. Furthermore, this is the ninth

year of the International Deade for Ation, �Water for Life� (2005�2015). The objetive is

to �promote integrated ations in relation to the use and onservation of water, reduing the

sourge of millions of people in the world who live without aess to safe drinking water�.

Water is a vital substane, but in reent deades hanges have been observed as a result

of humanity's ations. The sarity of lean water is already one of the great hallenges of

the 21st entury. Considering that over 1.4 billion people (24 % of the world population) lak

aess to lean water, the issue has de�nitely beome one of the global environmental topis.

The amount of available fresh water is only 1 % of the total water on the planet.

But what is the relationship between water and energy? This year, World Water Day

addresses as a main fous �Water and Energy�. The 2014 seletion was beause water and en-

ergy are losely interonneted and interdependent, as hydro, nulear and thermal generation

all need water.

Aording to the International Energy Ageny, for example, a nominal inrease of 5 %

of road transport in the world by 2030 ould inrease the demand for water by up to 20 %

of the resoure used in agriulture due to the use of biofuels. 8 % of the energy generated

on the planet is used to pump, treat and arry water for people's onsumption. In addition,
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water resoures are used for geothermal power generation, whih is an alternative for energy

in ountries with water shortages.

Ations like that of the State of Ceará, loated in Northeastern Brazil, an make a dif-

ferene. The ativities of the Ziateh Company, through its projets and renewable energy

in the area of projet development, energy e�ieny, planning, training and other servies in

regards to wind energy, ontribute 37 trillion liters of water per year to the eonomy i.e., the

equivalent of almost twie the volume of Brazilian�s Hydropower Itaipú water onsumption.

The demand for water and energy will grow dramatially in the future. Renewable energy

soures will play a vital role in supplying this demand. The onsultant, José Galizia Tundisi,

an expert in the working of the mehanisms of lakes, rivers, dams and integrated water re-

soures management, says that �poor water impoverishes loal populations in ertain areas,

in addition to interfering with the regional eonomy and destroying healthy alternatives for

sustainable development�. This leads to the following analogous reasoning: poor quality fossil

energy not only impoverishes loal populations and ertain regions, but overall, too, inter-

feres with the regional and global eonomy and destroys healthy alternatives for sustainable

development.

When the United Nations (UN) de�nes the theme �Water and Energy� it is beause they

know that water and energy are losely interrelated and interdependent. Generation and

transmission of energy demand water resoures, espeially for hydro, nulear and thermal

energy soures.

In 2014, while working with a onentrated fous on the �water-energy nexus�, the UN also

wants to draw attention to inequalities, espeially for the billions of people of the southern

region of the planet living in slums and impoverished rural areas who survive without aess

to safe drinking water, adequate sanitation, su�ient food or energy servies. It also aims

to failitate the development of publi poliies that lead the way to energy seurity and

sustainable water use within the ontext of a green eonomy.

Objetives of the World�s Water Day in 2014

• Raise awareness of the interrelationship between water and energy;

• Contribute to a politial dialogue that fouses on the broad range of issues related to the

water-energy nexus;

• Demonstrate, through ase studies, to deision makers in the energy setor and the �eld of

water that integrated approahes and solutions to the problems of water and energy ahieve
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higher eonomi and soial impat;

• Identify poliy and apaity development issues in whih the UN system of Nations, par-

tiularly UN - Water and UN - Energy, an make signi�ant ontributions;

• Identify key interested parties in the water-energy link and involve them atively;

• Contribute signi�antly to the post-2015 disussions in relation to the water-energy nexus.

2.3 Energy Overview

In its ordinary de�nition, energy is the apability to produe work. However, the use of

the onept is quite varied and sometimes wrong depending on its objetive [73℄.

There are several ways to lassify energy resoures. One possible lassi�ation distin-

guishes between primary, seondary and end-use energy, with primary energy being in raw

form, seondary energy represented by a stage between the primary form and the end use

form, where this latter represents the primary energy already onverted into energy that an

be used for apitalized equipment that an produe work or heat [74℄. It is possible to onsider

primary energy as a raw material, seondary energy as tehnology and end-use energy as the

�nal produt.

Therefore, primary energy is onsidered the input for prodution, beause the various en-

ergy soures indiate the potential energy of a given system. Another way of de�ning energy

resoures is by form of use, i.e., ommerial vs. non-ommerial. One an also qualify further

by generation of resoures; renewable resoures energy vs. non-renewable resoures energy; by

availability of resoure use; limited resoures energy vs. unlimited or not restrited resoures

energy; by tehnologial state; onventional vs. non-onventional energy. It is understood by

onventional soures energy those whose tehnology is fully developed with osts onsidered

aeptable by urrent onsumption standards and unonventional ones whose tehnology is

already demonstrated, but still presents problems of aeptane in modern soiety, due for eo-

nomi reasons, or beause they are not aording with the aepted standards of onsumption

[75℄.

Several of these lassi�ations used here depend on what parameters we want to analyze on

eah oasion. Ultimately, the distintion will be the tehnologial aspets and the limitations

resoures, whih are the most relevant disussions of the work.

Thus we distinguished three generi types of primary energy supply:
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1. Conventional Constrained Resoures Energy;

2. Conventional Renewable Constrained Resoures Energy;

3. Unonventional Unlimited Resoures Energy.

Most energy urrently in use omes from the �rst group, suh as oil and oil produts,

haroal, steam oal and metallurgial oal. In the seond group are hydropower, wood

and biomass produts. And �nally, from the third group ome the vast majority of non-

onventional energy soures suh as solar, wind and nulear (uranium).

2.3.1 Hydropower Energy

The generation of eletriity from hydropower plants is potentially limited. It is not

possible to build hydropower plants just anywhere, and with the growing demand for orret

geographial positioning it is ritial to deide where and how.

Hydropower is haraterized as a renewable soure; however, the utility of this soure is

limited by multiple uses of its raw material, water, and the geographi loation of rivers. This

haraterizes hydropower as renewable but potentially limited. When its limit is reahed, i.e.,

when the geographi availabilities are depleted, a replaement is needed to maintain the level

of growth [76℄.

Hydropower is a major water user, relying on water passing through turbines to generate

eletriity. Water is also onsumed via seepage and evaporation from the reservoir reated

for hydropower failities. Fators determining the amount onsumed �limate, reservoir de-

sign and alloations to other uses � are highly site-spei� and variable. By one estimate,

hydropower failities in the United States onsume 68 000 l/MWh on average, with a wide

range that depends on the faility [77℄.

Another point worth mentioning is that although it is onsidered by many experts as a

renewable energy form, hydropower an lead to eonomi harm. It should be borne in mind

that water is a resoure with great eonomi potential, serving for human onsumption, food

prodution and other demands. From the moment that the dam water is used for hydroeletri

generation, it is also being hanneled out of the eonomi supply hain whih also depends

on this same water.

In general, the funtional objetive that is used to ontrol hydroeletri systems is based

on minimizing the ost of the megawatt and minimizing the de�it probability. However, this

ontrol parameter may be foring restritions in the growth of the Global Eonomi Funtion,
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where the alloation of water for this purpose prevents the eonomy from growing in other

more pro�table segments.

2.3.2 About Energy System Choie

The primary soures of energy, and the tehnology needed to use them, onstitute the

energy system. The hoie of energy systems is a fairly omplex problem and naturally

full of soial, eonomi and politial aspets. The various energy options available and the

onstant evolution of tehnology usage, makes any attempt to explain the advantages and

disadvantages of eah option without proper study a ompliated task. Planning requires

thorough long term study. Depending on the energy omposition of eah eonomy, the energy

market exhibits di�erent behaviors. �Conventional energy soures, with their limited supply,

reate a highly apitalized ommodity and a relatively greedy and impatient market. However,

unonventional soures, having unlimited supply, and beause they are not sare ommodities

whih might beome exhausted, are not subjet to market fores or foreign poliy � [78, 79℄.

2.3.3 About Brazilian�s Water and Energy Context

Brazil is the example shown below of a water-energy senario where the �nal solution

should be reviewed.

Before the 1970`s, Brazil has used oil to supply its eletrial energy matrix. After the oil

risis of 1973 and the seond peak of the oil risis in 1979, Brazil had to urgently restruture

its prodution of eletrial energy as oil osts were ausing the eonomy to ollapse.

Brazil is the ountry that has the most water in its rivers, lakes and underground aquifers,

orresponding to 12% of the world total. Among Brazilian regions, the disparity in the

distribution of fresh water soures is enormous: while the Northern Region aounts for 72%

of the total water in the ountry, the Northeast has only 3%. In the semi-arid Northeast, as

it is known, in addition to the present ritial water sarity, rainfall is very irregular, whih

leads to long periods of drought. In light of this senario it is evident the importane of

planning the use of water resoures in these regions.

Due to good aquifer availability, after the oil risis it was deided to design a hydroeletri

matrix as a basis to meet national demands for eletriity. This solution on this oasion

brought huge redution in osts to the national eonomy, and reasonable seurity in meeting

demand.
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But, with the passage of time, due to population growth and inreased demand for energy

and water, the Brazilian eletri power system, whih relies on around 90% of hydroeletri

generation, began to present problems. The growth in demand, along with the seasonality of

rainfall, inreased the de�it of eletriity. In 2001 Brazilians su�ered the risk of an energy

disruption, and emergeny power saving poliies had to be imposed on the population in the

form of large rate inreases to ontain the risk of a power outage. This brought negative

eonomi impats and reated fear in investors, employers and the population in general.

Rainfall is dependent on seasonality and limate, and beause the Brazilian energy matrix

depends on hydropower, the risk of ollapse is still imminent.

A de�nitive solution is possible involving long term planning to hange Brazil`s eletrial

energy matrix to rely on renewable and low water solutions that will provide better supply to

meet demand for eonomi growth.

2.4 General Energy-Water Context

Energy and water are valuable resoures that sustain human prosperity and are largely

interdependent. Water is ubiquitous in energy prodution: in power generation, extration,

transport and proessing of fossil fuels; and, inreasingly, in irrigation for the ultivation of

raw materials used for the prodution of biofuels. Similarly, energy is vital to the water supply

needed to reate power that ollets, transports, distributes and ares for its systems [38, 67℄.

Eah faes inreasing demands and restritions in many areas as a result of eonomi and

population growth and limate hange, whih ampli�es the mutual vulnerability of energy

and water. For the energy setor, restritions on water an hallenge the reliability of exist-

ing operations and feasibility of proposed projets, imposing additional osts for neessary

adaptation measures [39, 52, 53℄.

The other half of the water energy nexus onerns the energy needs for the supply and

treatment of water. Eletriity is needed to power pumps that failitate (from ground and

surfae soures) transmission, distribution and olletion of water [54℄. The amount required

depends on the distane (or depth) of the water soure. Fresh, brakish, saline and waste - -

water treatment, whih onvert water from various proesses into water �t for a spei� use,

require eletriity and sometimes heat. Desalination, a proess that removes salt from water,

is the most intensive and expensive energy option for the treatment of water, and is used

where alternatives are very limited. Other energy needs assoiated with water our at the
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end use point, often in families, mainly for heating water and doing laundry [40, 52℄. Looking

ahead, several trends point to growing demands on energy in the water setor:

• Inreased water demand as a result of population growth and better living standards;

• Fresh water reserves sare in lose proximity to population enters, due to limate hange.

This means that the water must be arried long distanes or pumped from great depths to

undergo additional treatment;

• Striter standards for water treatment;

• A general hange in irrigation praties or surfae �ooding (relying on gravity) methods of

pumping, whih are more e�ient in terms of water, but require energy for operation.

Water is needed to produe almost all forms of energy. For primary fuels, water is used in

the extration of resoures, irrigation of raw materials for biofuels, re�ning, fuel proessing and

transportation. In power generation, water provides ooling and other needs related to the

proess in thermal power plants; hydroeletri energy is basi to the prodution of eletriity.

These uses may in some ases entail a signi�ant amount of water.

2.5 About Energy-Water Nexus

It takes a signi�ant amount of water to reate energy. Power plants make steam from

water � whether powered by oal, oil, natural gas and nulear power � and it is also neessary

to generate hydropower. Water is also used in large quantities during the extration of fuel

re�ning and prodution. It takes a signi�ant amount of energy to extrat, move and treat

water for drinking and irrigation. Energy is neessary for the olletion, treatment and dis-

posal of waste water. Energy is also onsumed when water is used by households and industry,

espeially through heating and ooling.

Water poliy and energy planning and management must be integrated to enourage

onservation, enourage innovation and ensure sustainable use of water and energy. End

users, suh as businesses and households, also have an important role to play. By reduing

the amount of water they onsume, end users will not only save water, but energy as well.

This, in turn, an save money on utility bills.

It is neessary to examine both withdrawal and onsumption of fresh water with speial

attention. Withdrawal is the total amount of water a plant takes from a soure suh as a
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river, lake or aquifer, some of whih is returned. The intake is the amount lost by evapora-

tion during the ooling proess. Withdrawal is important for several reasons. Water intake

systems an trap �sh and other aquati wildlife. For ooling water removal, water not on-

sumed returns to the environment at a higher temperature, potentially harming �sh and other

wildlife. And when plants get into the ooling ground water, it an deplete aquifers ritial

to meeting di�erent needs. Consumption is also important beause it redues the amount of

water available for other uses, inluding the eosystems that sustain them.

While some analysis fouses on the e�ets of water use by plants today, it must be onsid-

ered how onditions may hange in the future. In the short term, the hoies for what kind

of plants we build an ontribute to stressing the fresh-water supply (by assigning too muh

of the available supply of water for generation use) and an a�et water quality (by inreas-

ing water temperature to levels that impair loal eosystems, for example). Over a longer

period of time, these hoies an fuel hanges in the quality of life, whih in turn may also

a�et water quantity (through droughts and other extreme weather events) and quality (by

inreasing the temperature of lakes, streams and rivers). Population growth and inreasing

demand for water also promise to aggravate the level of water stress in many regions of the

ountry, already under stress beause of plant use and other uses.

The water supply is said to be stressed in river basins where the demand for water destined

for energy plants, agriulture and muniipalities, for example, exeeds a ritial threshold from

loal surfae and groundwater soures. Changes in water quality an also be noted as, for

example, when water users raise the temperature of exhaust pollutants.

Global water withdrawals for energy prodution in 2010 were estimated at 583 billion

ubi meters (bm), or some 15% of the world's total water withdrawals. Of that, water

onsumption � the volume withdrawn but not returned to its soure� was 66 bm. In the New

Poliies Senario, withdrawals inrease by about 20% between 2010 and 2035, but onsumption

rises by a more dramati 85%. These trends are driven by a shift towards higher e�ieny

power plants with more advaned ooling systems (that redue withdrawals but inrease

onsumption per unit of eletriity produed) and by expanding biofuels prodution. The

water requirements for fossil fuel-based and nulear power plants � the largest users of water

in the energy setor � an be redued signi�antly with advaned ooling systems, although

this entails higher apital osts and redues plant e�ieny. Future water needs for biofuels

depend largely on whether feedstok rops ome from irrigated or rain-fed lands and the
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extent to whih advaned biofuels � whose feedstok rops tend to be less water-intensive

� penetrate markets. Water requirements for fossil fuel prodution are omparably lower,

though potential impats on water quality are an important onern [41�43℄.

The on�it between the demands for energy and water for other uses point to the impor-

tane of aurate, updated information about the water demand of any energy plant.

Avoiding water on�its requires energy plant operators to regularly supply aurate infor-

mation about their water usage to better meet the needs of deision makers in the publi and

private setors. However, better information is only the �rst ritial step. Deision-makers

must then ombine that with sound analysis of water on�its, working to ontrol the thirst

for eletriity, espeially in regions with water sarity ombined with a lak of reliable infor-

mation [55�61℄. Analysis provides some smart hoies to put together a strong energy - water

base. Here are some ways to do this:

• Developing new resoures to meet eletriity demand provides a major opportunity to redue

the risks of water on�its for both plant operators and other users. Utilities and other

power plant developers would be well advised to prioritize low-water or no water ooling

options, partiularly in regions of stress and projeted high water usage;

• Retool existing fatories. The owners and operators of existing plants having substantial

impat on the supply or quality of water in water-sare regions should onsider adjusting

the low-water ooling mark;

• Set strong guidelines for the use of water in the plant. Publi o�ials should rely on

good information about eletriity demand to help owners of existing plants and make

proposals to prevent on�its with water and energy. Publi utility ommissions, whih

oversee utilities plans and proposals for spei� plants, an enourage or require investments

that redue the adverse e�ets on water supply and quality, partiularly in areas of urrent

or projeted water on�it;

• Involve interested parties. Mayors who ontrol the water supply for the ities involved with

sport �shing and ommerial �shermen, water managers at all levels, and others, have an

interest in avoiding water and energy on�its. Full publi aess to information about

water use by existing and proposed plants will allow these and other loal interested parties

to learn about the bene�ts of smart energy water options.

Avoiding water and power on�its means having a long-term vision and mathematial
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modeling. Power plants are designed to last for deades and muh of our existing infrastru-

ture will ontinue operating for years. The preious fresh water resoures of Brazil will fae

inreasing stress from growing populations, limate hange, and other trends over the oming

deades. The typially high ost of adaptation of power plants means that deisions about

the impat of water plants today should onsider the risks to fresh water resoures and energy

reliability throughout their expeted existene [62�65℄.

Deisions made today about whih plants to build or to retire, and whih energy or

refrigeration tehnologies to deploy and develop are very important. Understanding how

these hoies a�et water use and water sarity will help ensure that the dependeny of

plants on water does not ompromise their future, the plants themselves, or the energy that

we rely on them to provide.

2.6 The Water and Energy Stando�

The hoies on the future mix of plants used to generate eletriity an ease the on�it

between water and energy. Renewable energy tehnologies suh as wind turbines and photo-

voltai panels use little or no water and do not emit arbon pollution in eletriity prodution.

Even fossil fuel tehnologies provide opportunities to redue water demand while also

addressing arbon emissions. Combined-yle natural gas plants are use less water than oal

plants, for example, emit fewer arbon emissions and, beause of higher e�ieny, produe

less heat. New refrigeration tehnologies, suh as hybrid dry ooling systems, an also redue

pressure on water systems.

Muh is at stake. If energy ompanies have di�ulty �nding enough water to ool their

power plants, blakouts an fore them to buy eletriity from other soures, whih an raise

utility bills. The inrease in water temperature endangers �sh and other aquati speies.

The struggles between energy plants, ities and farms over limited water resoures an be

expensive, an fore residents to redue water onsumption, and may damage the environment.

To make water vs. energy hoies wisely, information must be available regarding essential

problems: how plants use water, where they get that water, and how it a�ets the use of

water resoures [41, 43, 46�48, 50�52℄.
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2.7 The Art of Mathematial Modeling for

Planning and Control

Optimal Solution requires Mathematial Modeling The Energy-Water Nexus is

a theme that has attrated world-wide attention in various ontexts like eonomy, eology,

environment, energy poliies as well as involving small, medium and large industries. Although

the attention and spae that the topi reeived is signi�ant, many distortions of information,

on�its of interest and even ontributions of many to the problem are not resolved there.

One way to onsolidate opinion and strengthen arguments is through mathematial modeling

of these situations. A mathematial tool has the power, in a few lines of information, to

larify arguments irrefutably, as a basis for informed deisions to be made. That is what is

laking to support government polies and support all who have viewed, even empirially, the

importane of the topi and to give it the attention that it deserves.

2.8 The Eonomi Agents (Players) in The Game (espeially

in Brazil)

There are many players in this game, namely:

• The Citizens (people in general; �nal onsumers);

• Publi Institutions

� Government (entral)

1. Ministries (Seretaries);

2. Regulatory Agenies (ANEEL, ANA, et.);

3. Researh and Development Centers (CEPEL, EPE, et.).

� City Hall / State Government

1. Publi Lighting;

2. Water Supply;

2. Transport.

� Publi Shools and Hospitals

� Publi or Mixed Eonomy Utilities (Energy and Water)

� Oil and Fuels (Petrobrás)
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• Private Institutions

� Eletri Energy Industries;

� Fuels;

� Industry in General;

� Transport;

� Agriulture (Agribusiness, Biomass, Biofuels, et.).

• Non Governmental Organizations

� Green Peae;

� UN;

� IEA, et.

This is just a brief list of the players involved. In this thesis, the omplete relation-

ship between all those eonomi agents is not going to be overed, nor will there be spei�

reommendations for any of the setors. This is not the fous of this thesis. One overall

reommendation for the ommunity as a whole is that the energy-water nexus issues should

be treated as a unique problem, and that mathematial models, followed by the orrespond-

ing data analysis, should be used. In the next two hapters two mathematial models are

proposed, and one reahes several onlusions from them.

2.9 Thesis Approah

The Energy-Water Nexus is a real problem with a omplex solution. It's neessary to ana-

lyze it in a general ontext (Maro-Solution Optimization), that will help long term planning

(05�10 years) and the supply hain situation (Loal-Solution Optimization) that will help

short term planning (01�05 years).

In spei� situations some are starting to use mathematial modeling on the problem of

water use in an energy ontext [24�26, 29, 92℄.

The next two hapters will detail two mathematial models to analyze the Energy-Water

Nexus Issues: An Input-Output Dynamial Model (short term planning) and An Optimal

Control Model (long term planning).
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Energy-Water Nexus: An

Input-Output Dynamial

Model

3.1 Introdution

Energy and water are of utmost importane for any ountry's eonomy and way of life.

Understanding the intriate relationship between energy and water and developing tehnolo-

gies to keep that relationship balaned is an important key to a sustainable and seure future

for any ountry. To generate energy, massive quantities of water are onsumed, and to deliver

lean water, massive quantities of energy are needed. We are analyzing the links between

energy and water � alled the energy-water nexus, or water-energy nexus � in a general

ontext. For that study a dynami input-output Leontief model is proposed. We onluded

that a fully integrated management of energy and water, inluding support to analyze the

impat of tehnologial development, supply poliy, and prodution planning, an be ahieved

through this approah.

There are trade-o�s between energy and water. Large sale power plants � nulear,

oal, biomass and, of ourse, hydroeletri � use lots of water. Conversely, making drinkable,

potable water, and piping it into big ities, typially involving large distanes ertainly requires

plenty of energy.

Energy and water are strongly tied and ertainly dependent on eah other, with eah

a�eting the other's availability. Water is neessary for energy development and generation,
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and energy is needed to supply, use, and treat drinking water and waste water. Both, energy

and water are ruial to our health, quality of life, and eonomi growth, and demand for

both these resoures ontinues to rise.

Water and energy are the two most fundamental resoures of modern ivilization. People

die, and one annot grow food, if water is not available. Without energy, one annot run

omputers or power homes, shools, o�es, farms, and industrial plants. As the world's

population grows in number and a�uene, the demands for both resoures are inreasing at

a faster pae than ever.

The earth holds about eight million ubi miles of fresh water � tens of thousands of

times more than humanity`s annual onsumption. Only about 2.5% of the world's water is

fresh water. Unfortunately, less than 1% is reahable via surfae soures and aquifers, and

the rest is trapped in underground reservoirs and in permanent ie and snow over. Also, the

available water is frequently not lean or not loated lose to population enters [43℄.

The reality that one of these preious resoures, energy or water, might soon ripple the

use of the other has been under-appreiated. To generate energy, massive quantities of water

are onsumed, and to deliver lean water, massive quantities of energy are onsumed. Desali-

nation, a proess that removes salt from water, is the most energy-intensive and expensive

option for treating water and is used where alternatives are very limited. Other energy needs

assoiated with water our at the point of end-use, often in households, primarily for heating

water, ooling water, washing lothes, and pumping water. Many people are onerned about

the perils of peak oil � running out of heap oil. A few are expressing themselves about

peak water. But almost no one is addressing the on�it between the two: water restritions

are impeding solutions for produing more energy, and energy problems, partiularly rising

pries, are imposing restritions on the e�orts to supply more lean water [41, 43, 48℄.

Physial onstraints on the availability of water for energy setor use enompass both

quantity and quality issues: there may not be enough of it or that whih is available may be

of poor quality. These restritions may be natural or may arise from regulation of water use.

One annot build more power plants without taking into aount that they negatively impat

freshwater supplies. And one annot build more water delivery and leaning failities without

inreasing energy demand. Solving the on�it requires new omprehensive poliies that

treat energy and water solutions as if they were just one problem, and innovative tehnologies

that help to boost one resoure without draining the other. One needs an analytial tool, a
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mathematial tool, to treat this problem. A mathematial dynami model is proposed here.

Water and energy are intrinsially interonneted. Poliy reforms in both setors, however,

do not appear to aknowledge the onnetions or onsider their broader impliations. This

is learly unhelpful, partiularly as poliy makers attempt to develop e�etive responses to

water and energy issues, underpinned by prevailing drought onditions and menaing limate

hange, and more and more inreasing demand for both resoures.

Energy prodution neessitates an abundant, reliable, and preditable soure of water, a

resoure that is already in short supply in many parts of the world.

The time has ome to onsider both issues as one. Instead of water planners taking for

granted they will have all the energy they need and energy planners taking for granted they

will have all the water they need, one must get them around the same table to develop models

and make deisions. A restruturing of the institutional arrangements is in order. And we

will need an analytial tool. This is the underlying idea of this proposed analytial model.

We investigate here the links between water and eletriity � termed the water-energy

nexus, or energy-water nexus � in the general ontext. In these irumstanes a dynami

input-output Leontief model is proposed.

3.1.1 The Supply Chain Model

Supply hain management is a key tool in business administration. The input-output

matrix, whih is part of an underlying mathematial model, reapitulates the oordination of

supply and demand with the various setors of the eonomy; the gross purhase or sales of

physial produts among the various setors of the eonomy. It also desribes the tehnology

of prodution [9, 85, 86℄.

Two important eonomi variables are supply, s, and demand, d. It is assumed that if

demand grows, then supply will grow, or should grow, to math it. And vie-versa. In other

words, supply should keep pae with demand. This depends on the phenomenon of feedbak.

Sine demand always varies, there will always be a dynami equilibrium. The system is,

in general, always moving. It is the dynamis of this movement that one wants to study and

ontrol. It is the essene of supply hain management. In the ase of energy-water interplay

this is ruial, sine these two variables are losely intertwined.
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3.2 The Input-Output (Leontief) Model

The input-output model started with the seminal work of Leontief, a nobel laureate who

produed the input-output matrix of the Amerian eonomy [26, 92℄. Referenes inlude

[87�89℄. A former referene is [80℄, whih an be seen as a predeessor of this sort of ideas.

3.2.1 The Basi Identities of an Input-Output Matrix

The input-output matrix summarizes the mathing of supply and demand amongst the

various setors of the eonomy; the gross purhase or sales of physial produts amongst

the eonomy various setors. It also desribes the tehnology of prodution. The following

equations de�ne relations between produers, and also the various setors supplies, in the

prodution environment. The mathematial formulations are olleted in the sequel.

xi =
∑

xij + si (3.1)

where,

• xi is the ith setor gross prodution;

• xij represents the sales of setor i to setor j;

• si represents the ith setor �nished produts stok;

One has:

T = xij is the inter-setor �ux transition matrix involving

intermediate produts;

For eah setor i, there exists a vetor Ti = (xi1, xi2, xi3, ..., xij )
T

• s = (s1, s2, . . . , si)
T
is the ith setor �nished produt stok vetor;

• x = (xi) is the prodution vetor.

Finally, the generi expression will be given as follows:

x = T1 + T2 + T3 + ...+ s (3.2)

Assumptions of �xed proportion of fators input It is important to notie that equation

(3.2) requires the inputs of any produt vary proportionally to the output volume of the

�nished produt, i.e., if the level of the �nished produt demand hanges, all the inputs in

that formula should be altered in the same proportion.



37

3.2.2 The Energy-Water Matrix

Only the interonnetions between energy and water will be treated here. Three types of

water are onsidered:

• W1 → water that has a �nal use in the eonomy. This inludes water for human and

animal onsumption (drinkable, potable water), water for irrigation (exluding energy rops,

like sugar ane for the prodution of alohol, for instane), water for industrial proesses

(exluding the water neessary for the prodution of any fuel, or energy produt).

• W2 → water neessary for the prodution of energy (or fuel), exluding hydroeletri water.

It inludes water neessary for ooling power plants (thermal turbines, nulear generators,

et.), prodution of biomass for energy rops (irrigation and industrial proesses, like in the

prodution of alohol from sugar ane, for example), and the prodution of fuels.

• W3 → hydroeletri water. It is the water (freshwater; not sea water) that is stored and

used in dams to generate eletriity through water turbines (�water with a head�), or in �a

�o d'água� (trikle) turbines.

Clearly the total water stok depletion rate will be:

W = W1 +W2 +W3. (3.3)

The total stok of water (natural deposit; natural reserves) will be denoted by D. One is

not going here into the details of the geographial distribution and bene�t distribution of this

stok, nor the engineering and politial problems involved in its handling. See [90℄ and [91℄

for some studies. Water for whom? Who are the agents? Who are the players in this game?

What are the pries? This is not the fous or the sope of this work. The objetive here is to

provide a sienti� and tehnial bakground that an support the ations that ould lead to

an adequate, optimal, set of solutions to the problems involving the energy-water nexus.

As for the energy (exluding hydroeletri energy), one an adopt the lassi�ation used

in [24℄: restrited and non-restrited:

• Restrited (ER): inludes fuels in general, and also biomass.

• Non-Restrited (ENR): inludes solar, aeoli, nulear, sea wave, tidal energy, and perhaps

geisers.

Clearly the total energy (exluding hydroeletri) stok depletion rate will be:

E = ER +ENR. (3.4)
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The total stok of energy (natural deposit; natural reserves) will be denoted by DE. Again, as

in the ase of water, one is not going here to be onerned with the details of the geographial

distribution and bene�t distribution of this stok, nor the engineering and politial problems

involved in its handling. See [90℄ and [91℄ for some studies. Energy for whom? Who are the

agents? Who are the players in this game? What are the pries? This is not the fous or

the sope of this work. The objetive here is to provide a sienti� and tehnial bakground

that an support the ations that ould lead to an adequate, optimal, set of solutions to the

problems involving the energy-water nexus.

As in [24℄ and [25℄, energy and water will be measured in the same units. One has then a

balane equation:

EN = E +W3 −W2 −W1, (3.5)

where EN is the net energy (depletion rate) to be used for the prodution of non-energy

goods, exluding non-energy water (W1).

It should be kept in mind that ER, ENR, W1, W2, and W3 are aggregates.

Before giving an illustrative example of an input-output matrix for the energy-water nexus,

some omments are in order.

Some Important Conepts

One should bear in mind some basi features of a supply hain [9, 26, 85�89, 92℄:

• The degree of interdependeny between several industries.

• No �rm is an isolated island. The prodution tends to be speialized, and the �rms in

a supply hain depend upon one another. Changes in one of them will gear a series of

reperussions throughout the whole hain. As small as they ould be, those hanges will

spread out from one �rm to the other in the system in suh a way that its aumulative

e�et in the hain an be signi�ant; substantial. It is important that the agents, the

deision makers, be able to evaluate its global e�et, diret as well as indiret, of a hange

in a part of a system.

• As no �rm is an island, no supply hain is an island. The world is all interonneted.

• In an input-output analysis (Wassily W. Leontief), the supply hain is deoposed into

�rms and the goods and servies �ux between the subsystems is registered in order to

systematially indiate the relations between them. The input-output tehniques are a
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speial type of general equilibrium analysis in eonomy. In this type of analysis prodution

is desribed in terms of a set of linear equations.

• By deomposing a hain into ��ner� units, the input-output tehniques are apable of trak-

ing, or identifying, the non-deteted e�ets hidden in a more aggregated analysis; in a

maro-analysis.

• The analytial apparatus is based upon an input-output matrix (onsumable-produt, or

supply-produt matrix). From it and the appropriate theoretial assumptions onerning

its meaning, there exists several tehniques whih have been developed and used in order

to study and analyze a series of eonomi problems. This methodology was transferred to

the study of supply hains [9℄.

• Amongst the onepts and tehniques one may mention:

� the inome multiplier;

� the prie e�et;

� the tehnial matrix triangularizazion;

� the interrelationship analysis;

� loal, regional, national, and international impat analysis;

� the strategi planning.

The Input-Output Matrix

Consider the input-output matrix shown in table 3.1. The numbers are merely illustrative.

Table 3.1: An energy-water input-output table.

ER ENR W3 W2 W1 End Use Gross Prodution

ER 30 60 40 20 50 300 500

ENR 15 30 0 20 50 85 200

W3 10 5 5 5 50 625 700

W2 40 15 0 5 0 0 60

W1 0 0 0 0 0 200 200

Labor Fore 80 40 20 10 60 90 300

The struture and funtioning of the matrix is straightforward. In the �rst line, from the

total (gross) prodution of 500 units of ��rm�/produt ER, 30 are used to produe ER, 60 to

produe ENR, 40 to produe W3, 20 to produe W2, 50 to produe W1, and 300 is for end

use (supply to the market). The logi for the other lines is the same.
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It is plausible to onsider the onsumers as a sixth ��rm�, or �produtive unit`'. The labor

fore would be its produt and the various �nal goods and servies would be the inputs used

in the �prodution� of work. Note however that to onsume goods is not exatly the same

thing as to produe work (via a tehnial oe�ient). In fat, the onsumers an hange their

spending habits, their onsuming habits, without hanging their ability to work. In other

words, onsumption is not physially related to �quantity of work� as the other input-output

relations (although in the aggregate this is true, sine without eating men an not work). One

distinguishes, thus, in pratie, the onsumer setor (the ��rm� onsumers), from the other

produtive �rms. The �nal onsumption (end use, in table 3.1) is onsidered to be a more

autonomous variable, independently of the work fore supply. It is, as a matter of fat, a

soure of unertainty, whih has its lous in the demand. Consumers an hange their habits

without provoking ruptures in the basi input-output relations.

This matrix an be expressed in tehnial terms. To obtain it one should divide the various

onsumables of eah �rm by its gross prodution. The results are shown in table

Table 3.2: The energy-water input-output table expressed in tehnial terms.

ER ENR W3 W2 W1 End Use Gross Prodution

ER 0.060 0.120 0.080 0.040 0.100 0.600 500

ENR 0.075 0.150 0.000 0.100 0.250 0.425 200

W3 0.014 0.007 0.007 0.007 0.071 0.893 700

W2 0.667 0.250 0.000 0.083 0.000 0.000 60

W1 0.000 0.000 0.000 0.000 0.000 1.000 200

Labor Fore 0.267 0.133 0.067 0.033 0.200 0.300 300

3.2.3 Tehnial Input-Output Matrix

The quantity aij is the tehnial oe�ient indiating the quantity of eah produt i

neessary to produe one unit of produt j. It is de�ned by:

aij =
xij

xj

⇒ xij = aijxj (3.6)

One de�nes, then, A = [aij ], as the tehnial matrix.

Using equation (3.6) in equation 3.1 one obtains:

xi =
∑

j

aijxj + si (3.7)
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Substituting equation (3.7) into equation (3.2) it will follow that:

x = Ax+ s ∴ s = x−Ax = Ix−Ax = (I − A)x (3.8)

where I is the identity matrix.

Finally, for eah setor i, the net sales will be equal to xi − xii, and when

xi − xii > 0 ∴ xi − aiixi > 0 ⇒ aii < 1.

Therefore a setor an produe some net output only if aii is less than one.

One an establish straightforwardly the relations between variables in physial units and

variables in money units. This is not going to be done here.

3.3 Demand, Supply, Feedbak and the Supply Chain Dynam-

is

The idea exposed in [92℄ for studies in eonomis is adapted here for the study of the

energy-water nexus.

3.3.1 Input-Output Dynamis

Two important eonomi variables are supply, s, and demand, d. It is assumed that if

demand grows, then supply will grow, or should grow, to math it. And vie-versa. In other

words, supply keeps traking demand. There exists thus a feedbak phenomenon.

The equilibrium point is de�ned by:

s(t) = d(t). (3.9)

Sine demand is always varying, there will be always a dynami equilibrium. The system

is, in general, always moving. It is the dynamis of this movement that one wants to study

and ontrol. It is the essene of a supply hain management. In the ase of the energy-water

interplay this is ruial, sine these two variables are losely intertwined.

The variable whih provokes the inreasing or dereasing of prodution is the di�erene

between demand and supply. As the population grows, the demand for water (whih has

no substitute) and energy will grow, and not always in a balaned fashion. There will be

a �demand surplus� or a �supply surplus�. This is the result of the feedbak mehanism, as

shown in �gure 3.1.
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The purpose of prodution is to provide produts to be onsumed. Part of the onsump-

tion is internal, that is, a fration of produt i is used to fabriate produt j. Part of this

�onsumption� fration is used to provide a stok (speially for prodution expansion). The

other prodution part is for external onsumption. The feedbak gain K should be hosen in

suh a way that in the equilibrium point, whih should be stable, supply equals demand.

Continuous variables will be onsidered here, and a set of di�erential equations will be

obtained. The same reasoning that led to equation 3.8 leads to:

x(t) = Ax(t) +B
dx(t)

dt
+ s(t) (3.10)

where

• x(t) is the system total prodution;

• Ax(t) is part of the total prodution whih is used in the prodution proess;

• B
dx(t)
dt

is the part of the total prodution whih is put in stok (energy and water need to

be stoked);

• s(t) is the part of prodution available to satisfy the external demand (it is the supply).

The error, that is, the di�erene between demand and supply, is given by:

e(t) = d(t)− s(t) (3.11)

A proportional ontrol law will be used here. One ould use other ontrol strategies, like

PID (Proportional Integral Derivative), for instane [81�84℄, but for the purpose of exposi-

tion larity, only the proportional ontrol will be used. The ontrol fore, u, will be then

proportional to the error, and will be given by:

u(t) = Ke(t) = K [d(t)− s(t)] (3.12)

where K is the proportional ontrol law matrix. It should be noted that K an be diagonal

or not. There are no restritions in that sense. In the sequel only the proportional ontrol is

used.

automati ontrol systems terminology). Gain K1 gives speed of response and less steady

state error, the larger its value; the integral ontrol eliminates the steady state error, and the

derivative ontrol damps abrupt error variations [81�84℄. In the sequel only the proportional

ontrol is used.
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The prodution time rate will be then given by:

dx(t)

dt
= u(t) (3.13)

In order not to overload the notation, the expliit dependene on time will be eliminated,

as well as the vetor notation (boldsymbol). One will have thus:

dx

dt
= u

x = Ax+B
dx

dt
+ s

u = K(d− s)

(3.14)

Matrix K should be hosen in suh a way that, in the equilibrium:

• supply equals demand (se = de, if de is onstant);

• the Leontief stati model be obtained, i.e.,

se = (I − A)xe. (3.15)

The diagram in �gure 3.1 illustrates equations (3.14).

d

s

+ Error

K
u

∫

t

0
(.)dτ

x

I − A
+

− s

−

B

Figure 3.1: Blok diagram of a supply hain dynamial model.

The losed loop ontrol system will then be desribed by (see Appendix for the details):

dx

dt
= −K(I − BK)−1(I −A)x+K(I −BK)−1d (3.16)

s = (I − BK)−1(I −A)x− (I −BK)−1BKd (3.17)

3.4 Simulations

The simulations were done as illustrations in order to show the advantages of an integrated

(energy and water) ontrol. All energy soures were aggregated, as well as all waters. The



44

objetive here is to demonstrate that a totally integrated parametri ontrol of the system

provides great �exibility, and so gives a good elbow room to optimize the system as a whole,

for any type of optimality riteria.

The following values were used:

A=





0.30 0.15

0.10 0.13



 ; B=





0.020 0.010

0.010 0.025



 ; K=





0.30 k12

k21 1.25





For the demand and supply series, inreasing exponential funtions with an added �noise�

were used, being the energy demand showing a larger growth rate as ompared to the water

demand. The basi values were arbitrary. They are merely illustrative.

3.4.1 Stability Condition

One must satisfy the onstraints of the system. The values of the real roots of the poly-

nomial was plaed on the worksheet user for the analyzed equation. One should make those

roots always negative, in order to guarantee stability. It is better to prelude omplex roots

in order to avoid osillations.

3.4.2 Demand Generator

In the �real world� the demand for the various produts do not vary in a �xed proportion

among them. So, for instane, d1, the demand for produt 1, ould inrease and d2, the

demand for produt 2, derease. This will vary depending upon several fators. In the

ase of energy and water, for example, one ould have tehnologial development, as well

as prodution arrangements and publi poliies innovations, whih in general will interfere

(sometimes desirably) in this orrelation. Thus, if the matries K and B were hosen to be

diagonal, one would be �tied� to the �physial� struture of the supply hain of the energy-

water nexus, with very low possibility of optimizing the system as a whole. Both, K and

B should be hosen full, that is, all their elements should be non null, so one will be able

to aommodate all possible orrelations between the demands for the two produts, energy

and water, whatever being theirs varianes. This means that both, the prodution planning

(poliy) (K) and the stok ontrol (B) should be established for the system energy-water as

a whole, as a funtion of the vetorial demand. In the ase of the energy-water nexus this is

ruial.

For demand simulation in this model, an inreasing funtion was used. There is no data
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base ready to represent preisely this funtion, but it is known that as the world population

inrease, the demand for energy and water grows roughly proportionally [12℄.

3.4.3 The B Matrix

As already said the ontrol matrix B is the storage poliy that the ompanies involved in

the distribution network should develop in order to damp demand unertainty or to reate

seurity mehanisms.

The problem with reduing the storage poliy is the risk of go through periods of abrupt

hange in demand and the ompany be required to set up a matrix K with high values, desta-

bilizing the produtive system. In ase of availability of energy, for example, the elimination

of stoks of energy an ause an eonomi ollapse. Due to eonomi risk, simulating an

inrease of the storage, despite being ontrary to literature in general, should be onsidered,

under penalty of eonomi ollapse.

3.4.4 The K Matrix

The matrix K, as already mentioned, is responsible for the prodution planning. It was

named fore ontrol. The values should typially be diagonal and o� diagonal values at as

mu�ing the interation between ustomer and supplier. By ating on all its elements, one

has a good �exibility in pole assignment.

3.4.5 The Objetive Funtional

The model just desribed leads the input-output matrix analysis in the diretion of mod-

eling a system of optimal ontrol. A point worth mentioning is the �exibility of the model

and the evaluation proess of the resulting poliy quality, beause the struture was reated

with independene of the funtional objetive that one wishes to evaluate, and an be set to

inform the result in real time. The sum of the quadrati errors (di�erenes between demand

and supply) was used as an objetive funtional, but any other riterion ould be used.

3.4.6 Separated Poliies for Energy and Water

In this ase energy and water are managed separately. The results are shown in �gures

3.2, 3.3 and 3.4.
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Figure 3.2: Energy demand and supply urves, when the K matrix o�-diagonal elements are null, i.e., k12 = 0 and

k21 = 0 (independent ontrol of energy and water).

By hanging the values of k11 and k22, one ould diminish the errors. This would have

the e�et of inreasing the intensity of the ontrol e�ort (ost). The eigenvalues λ1 and λ2 of

matrix −K(I −BK)−1(I − A) are:

K =





0.30 0.00

0.00 1.25



 →











λ1 = −1.13

λ2 = −0.21

The error an be seen from trajetories shown in the graphis in �gures 3.2 and 3.3. The sum

of squared errors was 316.

3.4.7 Integrated Poliies for Energy and Water

In this ase energy and water are managed in an integrated fashion. The results are shown

in �gures 3.5, 3.6 and 3.7.

Instead of inreasing the intensity of the separable ontrols (k11 and k12), one introdues

non-zero elements in the o�-diagonal of the matrix K, namely, k12 6= 0 and k21 6= 0. The

eigenvalues λ1 and λ2 of matrix −K(I −BK)−1(I − A) are:

K =





0.30 0.50

−0.80 1.25



 →











λ1 = −0.75

λ2 = −0.63
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Figure 3.3: Water demand and supply urves, when the K matrix o�-diagonal elements are null, i.e., k12 = 0 and

k21 = 0 (independent ontrol of energy and water).
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Figure 3.4: Energy demand and supply urves, when the K matrix o�-diagonal elements are null (independent ontrol

of energy and water).
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Figure 3.5: Energy demand and supply urves, when the K matrix o�-diagonal elements are non-null, with values

k12 = 0.50 and k21 = −080 (integrated ontrol of energy and water).

The error an be seen from trajetories shown in the graphis in �gures 3.5 and 3.6. It is

visible that the error, in this ase, is smaller than in the ase of separated poliies. The sum

of squared errors was 126. The ratio was then 2.50.

Note that the values of the eigenvalues are more loser to eah other when ompared to

the separated ontrol ase.

The results presented here depended, of ourse, upon the matries A and B that were

used. The objetive of the simulation is to highlight the �exibility that one an ahieve.

3.5 Three Time Sales for Control

It should be notied that the ontrol one is dealing with here, in the system de�ned by

(3.16) and (3.17), is a parametri (losed loop) ontrol. The demand vetor d is in fat a

perturbation.

There are three time sales for ontrol. The manager will at in the elements of

• matrix A (tehnology development),

• matrix B (stok poliy), and

• matrix K (prodution planning).
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Figure 3.6: Water demand and supply urves, when the K matrix o�-diagonal elements are non-null, with values

k12 = 0.50 and k21 = −080 (integrated ontrol of energy and water).
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Figure 3.7: Objetive funtional urves, when the K matrix o�-diagonal elements are not null (integrated ontrol of

energy and water).
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In the simulations presented here, the optimality riterion was the quadrati error (to be

minimized), and the A and B matrix were �xed. Only the elements of matrix K were used

as parametri ontrols.

A more general objetive funtional an be used, inluding, for instane, the ontrol ost.

One an use probabilisti algorithms in order to ompute the parametri ontrols.

the eonomy, as well as the national inome aounts, and a general equilibrium analysis. It

is a natural setup for these studies, and thus a feasible tool for proposing national development

poliies. One ould inlude, for instane, food and transport. four state variables. This model

ould also be implemented in a spreadsheet.

3.6 Conlusions

Earth and the ommunities that live on it are part of a very large system. By approahing

these massive problems from an integrated standpoint, we begin to solve problems in a more

systemati way.

The energy-water nexus is gaining popularity and aeptane with diverse interested par-

ties around the world and it is beoming learer that we annot plan for the planet's future

if we do not onsider energy and water as a whole.

There is a strong onnetion, or nexus, between energy and water. It takes a substantial

amount of water to produe energy. Water is used to ool steam eletri power plants �

fueled by oal, oil, natural gas, biomass, and nulear power � and is required, of ourse,

to generate hydroeletri power. Water is also used in large amounts during fuel extration,

re�ning and prodution.

It takes a signi�ant amount of energy to apture, move and treat water for drinking and

irrigation. It is also used in the olletion, treatment and disposal of waste water. Energy

is also onsumed when water is used by households and industry, espeially through heating,

ooling, washing, and hemial proesses.

Energy and water poliy, planning and management, inluding operation, must be oordi-

nated to enourage onservation, motivate tehnologial innovation and guarantee sustainable

use of water and energy.

It takes a substantial quantity of water to produe energy, and a signi�ant amount of

energy to extrat, move, and treat water. One may not realize it, but when one uses energy,

one is also indiretly using a lot of water!
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Energy and water are fundamentally intertwined, but the linkage of these two vital ingre-

dients also greatly impats the food and transportation setors. To an inreasing extent one

hears about the energy-water-food-transport nexus and how one is going to manage growing

populations and the demands on all four resoures. The model presented here is readily ap-

pliable in this ase too. As a matter of fat, we an inlude as many setors as we want. The

input-output matrix an be made more and more diverse. The only limitation is the ability

to obtain data. A large researh grant is needed here.

Plus, when we take into aount the global impats from limate hange, we are faing

some big hallenges � but also some opportunities. Inreasing the use of lean and sustainable

energy soures like wind, solar, sea wave, and tidal power is good poliy; a ruial step towards

reduing energy-related water use.



hapter 4

Energy-Water Nexus: An

Optimal Control Model

4.1 Introdution

An energy-water nexus mathematial model is proposed, formulated in terms of an optimal

ontrol problem representing an evolving eonomy; an optimal eonomi growth model. It

is written as a maximization of a time-driven soial welfare funtion, subjet to onstraints

de�ned by inome and investment partiipants, prodution tehnologies, the dynamis of

the onsumption of reserves, the energy balane and the labor fore balane. The poliy

instruments are the investments in eah setor, the onsumption rate for the energy resoures,

and the water usage rate. The model is treated via the Pontryagin maximum priniple. The

results obtained from the model are useful in the understanding of the setor as a whole, and

as a support in establishing integrated poliies in the ontext of the energy-water nexus.

One may say that eonomis is the study of the alloation of sare resoures between

ompeting uses. Sarity is a harateristi of exhaustible resoures.

Most of the world's energy resoures known today are �nite i.e., exhaustible, or limited.

In the global energy matrix, oil omes �rst, followed by oal and natural gas. Fats and

�gures mentioned here an be found in [10℄ and [11℄. These resoures together aount for

approximately 80% of the world's energy supply. Coal is the resoure used most to generate

eletriity. It aounts for generating 41% of the world's eletriity supply. The United States

and China are examples of ountries that are highly dependent on this resoure. In Brazil,

water is the resoure most used to generate eletriity, followed by biomass [25, 37℄. These

resoures, although renewable, are limited.
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What oil, oal, natural gas, water and biomass have in ommon is that they are on-

ventional. Conventional resoures represent stored energy; they are found in spei� and

unhangeable loations and o�er a limited supply. Their sarity and high demand reate

a ommodity for apitalization and an avid and impatient market, i.e., these resoures are

highly marketable in the international market and thus subjet to prie variations.

The issue is that these natural resoures are alloated both for produing energy and for

produing non-energy goods. Therefore, they are used as an input for prodution and as an

input to produe a di�erent kind of input, namely power.

Energy and water are at the heart of any ountry's eonomy and way of life. National

defense, food prodution, human health, manufaturing, rereation, tourism, and the daily

funtioning of households all rely on a lean and a�ordable supply of both of them.

It is known that the prodution and onsumption of energy and water are losely in-

tertwined [1, 5�8, 13�15, 17, 18, 40, 52, 67℄. They are diversi�ed. Energy inludes eletri

energy, and fuels like gasoline, diesel, naphtha, kerosene, alohol, fuel oil, uranium, and the

like. Water inludes drinkable water (potable), water for irrigation, water for ooling, water

for industrial proesses, and so on. The end users of both, energy and water are many. There

are also several produers of both.

Energy and water are, in their turn, intrinsially related to the prodution and onsump-

tion of food and transport.

Keeping eletri power plants ool requires lots of water. Keeping water safe takes lots of

energy. Eventually this may fore a hoie between the two.

Water is needed to generate energy. Energy is needed to deliver water. Eah resoure

limits the other � and both may be running short. Is there a way out? What would be the

rational way to deal with this problem?

In some ountries, the two greatest users of fresh water are agriulture and power plants.

Thermal power plants � those that onsume oal, oil, natural gas or uranium � generate

more than 90 perent of U.S. eletriity, and they are water hogs [42, 43℄. The sheer amount

required to ool the plants impats the available supply for everyone else. In other ountries,

like Brazil, for example, hydroeletri energy plays a major role, and it has been found that

water to be used in agriulture, industrial proesses, and human onsumption, for example, has

twie the eonomi value it has after it has been transformed into eletriity in a hydroeletri

power plant [24, 25℄.
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At the same time, one uses a lot of energy to move and treat water, sometimes aross vast

distanes. Health standards typially get striter with time, too, so the amount of energy

that needs to be spent per gallon will only inrease.

A mathematial model is proposed here formulated in terms of an optimal ontrol prob-

lem representing an evolving eonomy; an optimal eonomi growth model. It is written as

a maximization of a time-driven soial welfare funtion, subjet to onstraints de�ned by

inome and investment identities, prodution tehnologies, the dynamis of the onsumption

of reserves, the energy balane and the labor fore balane. The poliy instruments are the

investments in eah setor, the onsumption rate for the energy resoures, and the water usage

rate. The model is treated via the Pontryagin maximum priniple [4, 19, 21, 22, 29, 30, 68℄.

The results obtained from the model are useful in the understanding of the setor as a whole,

and as a support in establishing integrated poliies in the ontext of the energy-water nexus.

4.2 The Control Problem

The ontrol problem is expressed by:

Max
u

J =

∫ t1

t0

I(x, u, t)dt (4.1)

subjet to:

dx

dt
= f(x, u, t) (4.2)

x(t0) ∈ X0 (4.3)

x(t1) ∈ X1 (4.4)

u ∈ U (4.5)

where x(t) ∈ R
n
, u(t) ∈ R

p
, t ∈ R, f satis�es a Lipshitz ondition, I is Lebesgue integrable,

X0 is a set whih should ontain the initial ondition and X1 is a set whih should ontain

the �nal ondition of the state variable (vetor). This is the Lagrange form ontrol problem.

Another problem form is the Mayer form, when one has J = F (x(t1), t1). The juxtapo-

sition of these two forms gives the Bolza form, in whih J =
∫ t1

t0
I(x, u, t)dt + F (x(t1), t1).

Funtion F is alled the �nal funtion. These di�erent forms permit an easier problem identi-

�ation in di�erent ontexts, but from a mathematial viewpoint they are entirely equivalent

[29℄.
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Depending upon the forms of the several involved funtions, one an haraterize several

types of problem, as, for example, the minimum time problem, the minimum energy problem,

the maximum pro�t problem, and the eonomi growth problems. One may have other side

onstraints in the state and ontrol variables.

4.3 The Pontryagin Maximum Priniple

The Pontryagin Maximum Priniple (PMP) is a tool to approah the ontrol problem. It

has an enormous theoretial importane (that is, the most pratial possible!) as an episte-

mologial tool, i.e., a large power to open up ways to reah knowledge. It is not just to make

alulations; but also, and essentially, it is to establish onepts, grasping a subjet of study

and give meaning to it, and to establish sienti� results. Its appliation spetrum is very

large; it inludes many �elds of knowledge (engineering, eonomis, operations researh, busi-

ness administration, supply hain management, et.). After all, it is a mathematial tool (not

to be onfused with statistial tools, whih have nothing to do with the essene of siene).

Referenes inludes [4, 19, 21, 22, 30, 34, 66, 68℄.

The optimality neessary onditions obtained from the PMP are the ones whih allows the

establishment of optimal eonomi poliies. There are also the transversality onditions, and

the so-alled turnpike theorems whih re�ne the optimal solution, enabling the inorporation

of more restritions to the problem.

Consider the Lagrange problem. The proof of the results exposed here an be found in [66℄

and the other aforementioned referenes. They are the neessary onditions for the solution

of the ontrol problem; the so-alled neessary optimality onditions.

The systemati is the following:

1. One writes the system's Hamiltonian, whih is given by:

H(x, u, y, t) = I(x, u, t) + yT f(x, u, t) (4.6)

where y is the ostate variable, also alled the Pontryagin multiplier (equivalet to the

Lagrange multiplier in the stati optimization ase). Note that y(t) ∈ R
n
.

2. One maximizes the Hamiltonian by a hoie of u, solving the problem as being one of

stati optimization. A nonlinear programming problem, to be preise. If this problem

has an interior solution (interior to the set U of admissible, or feasible, ontrol fores),
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and I is di�erentiable with respet to u, its solution will be obtained from the neessary

ondition:

∂H

∂u
= 0. (4.7)

If there is no interior solution, one has to onsider the onstraints on the ontrol fores,

and apply the neessary onditions: the Karush-Kuhn-Tuker onditions [2, 3℄. Depend-

ing on the problem, the analytial treatment an be ompliated, even for low order

systems (seond or third order). In most ases the problem is analytially untratable,

and it has to be solved through numerial methods. One this problem is solved, one

has then u∗ = u∗(x, y, t).

Along the optimal trajetory, thus, the Hamiltonian is onstant.

3. One substitutes this value of u just found, into the 2n di�erential equations:

dx

dt
=

∂H

∂y
. (4.8)

dy

dt
= −

∂H

∂x
. (4.9)

In order to solve these 2n di�erential equations it is neessary to know the boundary

onditions, whih in the general ase would be x(t0) = x0, x(t1) = x1, y(t1) = y1. Or

there ould be more omplex onditions.

One these di�erential equations are solved, all one has to do is to substitute their

solutions into the expression for the optimal ontrol u∗
, and the ontrol problem is thus

solved.

4.4 The Model

The model follows the same rational as used in [25℄ and [24℄.

One starts with the notation. Let:

J = intertemporal welfare funtion.

δ = soial rate of disount; the interest rate.

L = total labor fore.

u = per apita instantaneous utility funtion.

c = per apita instantaneous onsumption of non-energy goods.
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t = time.

F = prodution funtion of non-energy goods (exept the availability of water for produtive

ends).

E = total energy onsumption rate of all energy resoures in the aggregate (exluding water

with hydrauli head).

W1 = annual onsumption or extration rate of non-energy water that an produe non-

energy goods (inluding human onsumption, animal onsumption, irrigation (exluding

irrigation for energy rops, like sugar ane to produe fuel alohol, for instane), produts

of industrial proesses, et.) in equivalent energy units, that is, W1 is measured in the

same unit as E.

W2 = annual onsumption or extration rate of energy water, that is, water that is used for

the prodution of any type of energy, exept hydroeletri power.

W3 = annual onsumption or extration rate of the water that is used for the prodution of

hydroeletri power.

DE = Energy stok (exluding water with hydrauli head).

D = Water stok (inluding the reservoirs of the hydropower utilities; water with hydrauli

head, but also all other soures of water).

The subsripts used in the remaining variables have the following meanings:

a) 0 (zero) � Refers to the non-energy goods, exept non-energy water. So,

K0 = apital for the prodution of non-energy goods, exept the apital related

to the non-energy water.

L0 = labor alloated to the prodution of non-energy goods exept the workers

related to the non-energy water.

I0 = investment for the aumulation and restoration of apital K0.

µ0 =depreiation rate of apital K0.

b) W1 � Refers to the non-energy water. So,

F1 = prodution funtion for the extration of resoure W1.

K1 = apital for the prodution of the extration of resoure W1.
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L1 = labor for the prodution of the extration of resoure W1.

I1 = investment for the aumulation and restoration of apital K1.

µ1 = depreiation rate of apital K1.

) W2 � Refers to the energy water, exluding water with a head. So,

W2 = annual onsumption or extration rate of energy water (exluding hy-

droeletri water).

F2 = prodution funtion for energy water.

K2 = apital for the prodution of energy water.

L2 = labor for the prodution of energy water.

I2 = investment for the aumulation and restoration of apital K2.

µ2 = depreiation rate of apital K2.

) W3 � Refers to the hydroeletri power energy water (water with a head). So,

W3 = annual onsumption or extration rate of water with a head.

F3 = prodution funtion for hydroeletri power.

K3 = apital for the prodution of hydroeletri power.

L3 = labor for the prodution of hydroeletri power.

I3 = investment for the aumulation and restoration of apital K3.

µ3 = depreiation rate of apital K2.

d) E � Refers to the energy resoures (oil, oal, natural gas; typially fossil fuels). So,

E = annual onsumption or extration rate of energy resoures (exluding

hydroeletri).

F4 = prodution funtion for the prodution of extration of energy resoures.

K4 = apital for the prodution of extration of energy resoures.

L4 = labor for the prodution of extration of energy resoures.

extration of energy resoure NR.

I4 = investment for the aumulation and restoration of apital K4.

µ4 = depreiation rate of apital K4.

DE = deposits (natural reserves) of energy resoure NR.
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4.4.1 The Inome Identity

F (K0, L0, EN ,W1) = I0 + I1 + I2 + I3 + I4 + Lc

It is impliit that the market is in equilibrium and that all the non-energy prodution is

either onsumed or invested.

4.4.2 The Investment Identity

The gross investment identity in the eonomy as a whole, exept for the prodution of

energy an water, is given by:

dK0

dt
= −µ0K0 + I0

and represent the fat that investment is used to inrease the apital stok K0 and to restore

the depreiated apital K0. depreiation was negleted; one is thinking about a medium term

period. Depreiation an be introdued easily in the model, but that is not the fous here.

So, all apitals depreiation rates were negleted in the model.

For the prodution of non-energy water (W1), one has:

dK1

dt
= −µ1K1 + µ31K3 + µ41K4 + I1

where µ31 is the amount of hydroeletri energy apital used to inrease the non-energy water

apital K1 and to restore the depreiated apital K1, and µ41 is the amount of energy E

(exluding hydroeletri) apital used to inrease the non energy water W1 apital K1.

For the prodution of energy water (exluding hydroeletri) (W2), one has:

dK2

dt
= −µ2K2 + µ32K3 + µ42K4 + I2

where µ32 is the amount of hydroeletri energy W3 apital used to inrease the energy

water W2 (exluding hydroeletri) apital K2, and µ42 is the amount of energy E (exluding

hydroeletri) apital used to inrease the energy water W2 (exluding hydroeletri) apital

K2.

For the hydroeletri energy, the apital growth will depend only upon the respetive

investment:

dK3

dt
= −µ3K3 + I3.
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For the non-hydroeletri energy (E), the investment identity will be:

dK4

dt
= −µ4K4 + µ24K2 + I4,

where µ24 is the amount of energy water W2 (exluding hydroeletri) apital K2 used to

inrease non-hydroeletri energy E apital K4.

4.4.3 Prodution Tehnologies

It is assumed that the markets for energy and the water are in equilibrium. Furthermore,

all the energy and water extrated is supposedly onsumed in the prodution of non-energy

goods.

The prodution funtions will be:

W1 = F1(K1, L1)h1(D)

W2 = F2(K2, L2)h2(D)

W3 = F3(K3, L3)h3(D)

E = F4(K4, L4)h4(DE)

The water extration prodution tehnology for the prodution of non-energy goods repre-

sents the means of extration and making available water for this end. The irrigation proess,

the onveying of water for a industry that uses it heavily for ooling, water for �sh or shrimp

harbors, et., are examples of this, as well as human and animal onsumption. For suh

tehnology, as with all the others, one will also adopt the Hiks' neutrality assumption.

These prodution funtions will, as usual, presumed to be ontinuous, onave, twie

di�erentiable, monotonially nondereasing, and, to some degree, homogeneous (depending

on the tehnology).

The h funtions generally derease with D or DE , this being valid for all restrained,

limited, resoure. They represent the exhaustion of the resoures and the fat that when the

resoures diminish it is neessary to alloate more apital and more labor for the extration.

So, the smaller the reserves, smaller h will be, and greater will be the e�ort for the

extration of the dwindling energy resoure. These funtions then represent the dereasing

returns when used �mines� are explored, and an energy soure is exhausting itself. It an be

assumed in general that:

lim
Di→0

hi(Di) = 0; lim
Di→∞

hi(Di) = 1;
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lim
Di→0

dhi(Di)

dDi

= ∞; lim
Di→∞

dhi(Di)

dDi

= 0;

Note that the resoures only ease to exist in the limit or in the in�nity. So, along the

path, the resoures an be treated as unlimited. The important thing here is to haraterize

the degree of exhaustion (or exploitation). For in�nite reserve resoures, like solar, aeoli,

nulear (fusion), et., energy, h = 1, that is, all the e�ort is made by the tehnology used

for the extration. The hydroeletri ase is similar to any exhaustible resoure. This is the

ase beause when there is a diminishing of the resoures due to other uses, that is, when

the availability of ubi meters per seond of water for generation of energy is redued, then,

theoretially, aording to the hypothesis, it is neessary to alloate more apital and more

labor to generate more energy with less available water. In sum: when D dereases, the

amount of resoures used for the extration should be greater in order to ompensate this

loss, and thus, h will derease.

4.4.4 Reserve Consumption Dynamis

The onsumption rate of the reserve DE of energy resoures will be given by:

dDE

dt
= −E.

It should be notied that DE inludes all the energy resoures, exluding hydroeletri

power. Oil, natural gas, oal, haroal, biomass (biofuels, like alohol, biodiesel, and so on),

�rewood, wood fuel, uranium, et., are all in this large aggregate.

The onsumption rate of the reserve D of water resoures will be given by:

dD

dt
= −(W1 +W2 +W3).

The total extration rate of water resoures reserve D is then the sum of three parels: W1,

W2, and W3. Note that this equation also expresses the hypothesis that the system is in its

tradeo� limit, that is, any amount of water taken away to the prodution of non-energy goods

will a�et the hydroeletri energy prodution and the energy water (exluding hydroeletri).

And so on.

Note that when water is used to irrigate plantations for the prodution of rops that will

be transformed into fuel, or �rewood, or wood fuel, this water is of W2 type.



62

4.4.5 Energy Balane

The net energy, EN , to be used for the prodution of non energy goods (and non energy

water) will be given by:

EN = E +W3 −W2 −W1.

4.4.6 The Labor Fore Balane

Naturally, the following totalization relation should be imposed:

L = L0 + L1 + L2 + L3 + L4.

4.4.7 Objetive Funtional

The assumed utilitarian struture will be represented here by an objetive funtional in

the form of an intertemporal utility given by:

J =

∫

∞

0

e−δtLu(c)dt

As far as the funtion u is onerned, the ommon assumptions will be made, namely:

(a) It is ontinuous in R
+
.

(b) It is homogeneous of 1st degree (u(λc) = λu(c)).

() It is stritly onave in R
+
(u(λc1 + (1− λ)c2) > λu(c1) + (1− λ)u(c2), ∀ λ ∈

[0, 1]).

(d) It is monotonially inreasing in R
+
(

du
dc

> 0).

(e) It is of lass C2 in R
++

, that is, its derivative exists and is ontinuous in R
++

.

(f) The limits

lim
c→0

du

dc
= +∞, lim

c→+∞

du

dc
= 0,

should be valid.

These hypothesis are basi. In the speialized literature [31�33, 35℄, authors make expliit

use of them.

4.5 Assumptions of the Model

The basi approah adopted in this model is to onsider the utilitarian struture, and

exponential apital depreiation. The labor fore growth dynamis, and the per-apita energy

onsumption are not onsidered here. See [24℄ for some results.
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In this model, the workfore is the population, and this means that there is no unemploy-

ment and the Not Eonomially Ative Population (NEAP) is not onsidered. Consumption

distribution among the labor fore is not modeled � an average is used.

It is assumed that people are indi�erent between saving the money for the future generation

and spend the money in onsumption, as long as they have an interest rate of disount to

ompensate the ation.

4.6 Problem Synthesis

The problem of the interation between energy, water, and eonomy is, then, the optimal

eonomi growth model formulated as:

Max

I0,I1,I2,I3,I4,E,W3,W1

J =

∫

∞

0

e−δtLu(c)dt (4.10)

subjet to:

F (K0, L0, EN ,W1) = I0 + I1 + I2 + I3 + I4 + Lc (4.11)

dK0

dt
= −µ0K0 + I0 (4.12)

dK1

dt
= −µ1K1 + µ31K3 + µ41K4 + I1 (4.13)

dK2

dt
= −µ2K2 + µ32K3 + µ42K4 + I2 (4.14)

dK3

dt
= −µ3K3 + I3 (4.15)

dK4

dt
= −µ4K4 + µ24K2 + I4 (4.16)

W1 = F1(K1, L1)h1(D) (4.17)

W2 = F2(K2, L2)h2(D) (4.18)

W3 = F3(K3, L3)h3(D) (4.19)

E = F4(K4, L4)h4(DE) (4.20)

dDE

dt
= −E (4.21)

dD

dt
= −(W1 +W2 +W3) (4.22)

EN = E +W3 −W2 −W1 (4.23)

L = L0 + L1 + L2 + L3 + L4 (4.24)

The model uses only one prodution funtion (F ) for general non-energy goods, exluding

non-energy water, a prodution funtion (F1) for the prodution of extration of non-energy
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water, a prodution funtion for the energy-water (exluding water for hydropower) (F2), a

prodution funtion (F3) for hydropower water, and a prodution funtion for energy (ex-

luding hydropower) (F4), being the two soures of energy (E,W3) interhangeable, in many

ases, for the prodution of non-energy goods (and diret onsumption, if the per-apita

energy onsumption were onsidered � typially as a ontrol variable).

The state variables are: K0, K1, K2, K3, K4, DE and D.

The ontrol fores are: I0, I1, I2, I3, I4, E, W3 and W1.

The variables EN , W2, and c will depend upon the state and the ontrol.

4.7 Results

The results of the model are olleted here. The proofs are in the Appendix to this hapter.

The neessary onditions expressed in these results should be the guide for poliies onerning

the energy-water nexus. In the optimum equilibrium one should have:

4.7.1 First Result: All apital shadow pries are equal

q0 = q1 = q2 = q3 = q4 = q =
du

dc
, (4.25)

that is, all apital shadow pries are equal, and have so a ommon value q = du
dc
. The marginal

utility of onsuming non-energy goods should equal the apital aumulation rate, a lassial

result.

4.7.2 Seond Result: The shadow pries of energy and water are equal

pE = pD = p. (4.26)

that is, the shadow pries of energy (aggregate, exluding hydroeletri energy), E, and water

(W1 +W2 +W3) are equal; they have a ommon value p.

4.7.3 Third Result: The energy internal prie should be equal to the substitution rate

between non-energy and energy goods

∂F

∂EN

=
p

q
. (4.27)
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4.7.4 Fourth Result: The ontribution of W1 to the total produt is twie the ontri-

bution of EN

∂F

∂W1
= 2 ·

∂F

∂EN

= 2 ·
p

q
, and so:

∂F
∂W1

∂F
∂EN

= 2. (4.28)

The ontribution of W1 to the total produt (exluding energy and water) is twie the on-

tribution of EN . This result is already known [24℄. It was extended for the ase of using

ommodities as energy soures [25℄.

This result stresses the importane of non-energy water as an eonomi input for the

eonomy as a whole.

4.7.5 Fifth Result: The ontribution of W1 to the total produt is twie the ontri-

bution of E

∂F

∂W1
= 2

∂F

∂E
= 2

p

q
, (4.29)

The ontribution of W1 to the total produt (exluding energy and water) is twie the

ontribution of E. This result also highlights the importane of non-energy water.

4.7.6 Sixth Result: The ontribution of W1 to the total produt is twie the ontri-

bution of W3

∂F

∂W1
= 2

∂F

∂W3
= 2

p

q
, (4.30)

The ontribution of W1 to the total produt (exluding energy and water) is twie the

ontribution of W3. This result also highlights the importane of non-energy water, espeially

in the ase of Brazil, whih is very dependent of hydroeletri power.

4.7.7 Seventh Result: The in situ stok value should grow at the interest rate(The

Hotelling's rule).

ṗ

p
= δ. (4.31)

The in situ stok value should grow at the interest rate. This is preisely the Hotelling's rule

[36℄. Sine water and energy (exluding solar, wind, sea wave, and tidal) are exhaustible,
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their ommon value (the shadow prie p) will be given by:

p(t) = p(0)eδt.

The shrinking of the reserves implies an exponential growth in their shadow prie, at a rate

equal to the interest rate. As the energy soures dwindle, it is imperative to start swithing

to solar, wind, sea wave, and tidal energy. Nulear energy, although is in some sense non-

exhaustible (espeially if one dominates the nulear fusion proess), has the disadvantage of

requiring lots of water for ooling, besides the water used in the turbine. And there are also

the environmental (thermal pollution, et.) and safety problems.

4.7.8 Eighth Result: Whatever the dynamis of D, of the water natural reserves, its

impat on the growth of W2 should be null

∂W2

∂D
= 0. (4.32)

4.7.9 Ninth Result:The apital K0 depreiation rate µ0 of the eonomy as a whole

should be larger than the non-energy water apital K1 depreiation rate

µ0 > µ1. (4.33)

The apital K0 depreiation rate µ0 of the eonomy as a whole (exluding energy goods and

water) should be larger than the non-energy water apital K1 depreiation rate. This means

that the one should have a very robust (durable) tehnology for the prodution of non-energy

water W1.

4.7.10 Tenth Result: One limitation of the apital rent of K2

∂W2

∂K2
<

q

2p
(µ0 − µ2 + µ24). (4.34)

The apital rent of K2 is bounded above.

4.7.11 Eleventh Result: One limitation of the depreiation rate µ0

µ0 > max{µ2 − µ24, µ3 − µ31 − µ32, µ4 − µ41 − µ42}. (4.35)
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The hydroeletri power setor has an advaned, well established, and stabilized tehnology.

The depreiation rate µ3 is already very small.

4.7.12 Twelfth Result:Basis of equality for the apital rent of K2

∂W2

∂K2
=

q

2p
(µ1 −µ2 +µ24) =

q

2p
(µ3 −µ2 +µ24 −µ31 −µ32) =

q

2p
(µ4 −µ2 +µ24 −µ41 −µ42).

(4.36)

4.7.13 Thirteenth Result: Basis of equality for the depreiation rates

µ1 − µ2 = µ3 − µ2 − µ31 − µ32 = µ4 − µ2 − µ41 − µ42. (4.37)

4.7.14 Fourteenth Result:One limitation of the depreiation rate µ1

µ1 > µ2 − µ24 (4.38)

4.7.15 Fifteenth Result:One limitation of the depreiation rate µ3

µ3 > µ2 − µ24 + µ31 + µ32 (4.39)

4.7.16 Sixteenth Result:One limitation of the depreiation rate µ4

µ4 > µ2 − µ24 + µ41 + µ42 (4.40)

4.7.17 Seventeenth Result: An inrease in the K2 apital rent will provoke a derease

in the K0 apital rent

∂W2

∂K2
ր ⇒

∂F

∂K0
ց . (4.41)

An inrease in the K2 apital rent will provoke a derease in the K0 apital rent; the marginal

produtivity of apital K0 (with respet to F ).
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4.7.18 Eighteenth Result: In order to improve the K0 apital rent, one ould inrease,

for instane, the parameter µ24

µ24 ր ⇒
∂F

∂K0
ր . (4.42)

In order to improve the K0 apital rent, one ould inrease, for instane, the parameter µ24,

thus improving the ontribution of a minimum apital K2 to the energy apital K4 growth

(

dK4

dt
). In other words, one should use less energy water (exluding hydroeletri), W2, to

produe the same amount of energy (E). This means a tehnologial development, inluding

better yles, better ooling systems (perhaps hybrid water-air systems), and so on. And, of

ourse, this means using less biomass for energy prodution (alohol for fuel, for instane),

sine it requires lots of energy water (W2).

4.7.19 Nineteenth Result: The apitalK2 depreiation rate µ2 should be kept as small

as possible

µ2 ր ⇒
∂F

∂K0
ց . (4.43)

The apital K2 depreiation rate µ2 should be kept as small as possible, in order not to

negatively impat the K0 apital rent. The tehnology for produing W2 should be durable.

4.7.20 Twentieth Result: Investing in apital K2 and alloating labor to produe

energy-water W2 has a negative e�et in the eonomy as a whole

∂F

∂K2
< 0;

∂F

∂L2
< 0. (4.44)

Investing in apital K2 and alloating labor to produe energy-water W2 has a negative e�et

in the eonomy as a whole. This means that one should be swithing as soon as possible to

energy soures that do not require water for their operation, like solar, wind, sea wave, and

tidal energy. Perhaps geisers fall in this ategory. One should strive to have W2 = 0. In this

ase, this signi�es abandoning all fossil fuels, oal, haroal, biomass, and nulear energy. In

a short term it is hard to see a world like this, sine one has to produe fuels to feed the

ars, truks, ships, trains, and airplanes. The alternative would be eletri ars, buses, and

trains. For water navigation one would have sailing boats or ships, aided by solar energy.

For airrafts the situation is even more aute: gliders, aided by solar energy. In a foreseeable
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time ahead, it is very unlike to get rid of fuels. They are siamese twins with transport. It

is more realisti, so, to try to keep W2 at a minimum. This means that one should promote

tehnology development in the prodution funtion F4.

4.7.21 Twenty First Result: The e�ort in produing non-energy water (W1), hydro-

eletri energy (W3), and energy (E), has a positive e�et in the eonomy as

a whole.

∂F

∂K1
> 0,

∂F

∂L1
> 0;

∂F

∂K3
> 0,

∂F

∂L3
> 0;

∂F

∂K4
> 0,

∂F

∂L4
> 0. (4.45)

The e�ort in produing non-energy water (W1), hydroeletri energy (W3), and energy (ex-

luding hydroeletri energy) (E), has a positive e�et in the eonomy as a whole.

4.8 Conlusions

The results suggest that it is very important to have the best tehnology available for

produing water not used for energy, and also to keep developing it. Water is by far the more

important input to the eonomy, as ompared to energy.

We should avoid as muh as possible tehnologies for produing energy that use water.

This means that we should be using solar energy, wind energy, wave or tidal power, and the

like.

The eonomis rationale embedded in the model implies that we should be redireting

energy poliies around the world. The lassial ways of produing energy, inluding nulear

energy, imply the use of water (for ooling, et.), whih is a sare resoure.

As the population grows, water will be ever sarer. And it annot be substituted. It

will be harder and harder to make water, a preious liquid, available to the population and

the eonomy. More and more energy will be needed. The ase of sea water desalination is

illustrative; reverse osmosis requires lots of energy. Energy, whih in its turn, will need more

and more water for its prodution. The only way to esape from this trap is to improve

the tehnology for produing energy (fuels, thermoeletri, for instane) using less water and

use progressively more primary energy resoures that do not need water in order to produe

usable energy.



hapter 5

Conlusion and

Suggestions For Future

Studies

This work presented two mathematial modeling to energy-water nexus analyses.

As the population grows, water will be more and more sare. And it annot be sub-

stituted. It will be harder and harder to make water, a preious liquid, available to the

population and its eonomy. More and more energy will be needed.

The Two models proposed works well and an shortly represent energy-water nexus and

their evolution, tendenies and sarity prevent.

The only way to esape from this trap is to improve the tehnology for produing energy

(fuels, thermoeletri, for instane) using less water, on one hand, and use progressively more

energy primary soures that do not need water in order to produe usable energy, on the other

hand.

5.0.1 The Energy-Water-Food-Transport Nexus

Energy, water, food and transport are inextriably linked, a fat that is inreasingly re-

ognized as one of the most important issues faing an eonomy.

Energy prodution needs water for the purposes of ooling and onversely, treating and

transporting water takes energy. Additionally, onventional food prodution and distribution,

whih inludes transportation � inluding the prodution and transportation of arti�ial

fertilizers and pestiides � requires a tremendous amount of energy. So a shortage of water an
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severely inhibit both energy and food prodution, and may require additional energy to pump

water over greater distanes and from deeper wells for both drinking and irrigation. Labor

fore and people in general have to be transported, and this requires energy. Transportation

systems (trains, truks, buses, underground, tramways, street ars, ships, arplanes, ars, et.)

need energy. Plenty of it!

It is essential that a ountry that seeks to be healthy, seure and sustainable requires

a holisti approah to the soial, environmental and seurity hallenges presented by the

interdependenies between these four issues.

Food, transport, water and energy � they may not seem like they're onneted but

the systems that help produe and bring fresh food, transport and energy as well as lean,

abundant water to all people, are intertwined. It takes water to reate food and energy, it

takes energy to move and treat water, to move people and goods, and to produe food, and

sometimes food is used as a soure of energy. Industrial agriulture, for example, is inredibly

water intensive. These systems have beome inreasingly more omplex and dependent upon

one another. As a result, a disturbane in one system an wreak havo in the others, so it's

important to ahieve a sustainable balane between the four.

Today, both business and government are onstantly thinking about how to feed and

transport more people, transport more goods, power more homes and ars, and provide lean

drinking water. But it is inreasingly apparent that the use of our preious resoures to

meet one need is inherently linked to the the others in the food, transport, water and energy

� `nexus.�

So how do we weigh the needs of agriulture, energy prodution and water use?

One has to make tough deisions about water, food and energy in the fae of limate

hange, population growth, and eonomi pressures. The World Eonomi Forum (WEF) in

Switzerland this year highlighted the need to shift urrent �silo thinking� about food, water

or energy individually to a �nexus approah� whih takes into aount all three issues at one.

Transportation is also part of the issue.

We need a systemati approah to solve the interonneted issues that link energy, water,

food, and limate hange. These setors food and transport an be inluded in the general

struture of the dynami input-output Leontief model used to analyze the energy-water nexus.
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5.0.2 The Future Energy-Water-Food-Transport Model

In the ase of two or more produts (energy, water, and food, for instane), whatever be

the produtive hain struture, the solution has the same �physiognomy�:

x(t) = eAt
x(0) +

∫ t

0

eA(t−τ)βd(τ)dτ,

now eAt
being a matrix. Note that the number of vetor x oordinates is the same as in

vetors d and s; this orrespond to the n produts. Thus A, B, C, and D are all square n×n

matries.

In the �real world� the demand for the various produts do not vary in a �xed proportion

among them. So, for instane, d1 ould inrease and d2 derease. This ould happen depending

on several fators. In the ase of energy and water, for instane, one ould have tehnologial

development, as well as prodution arrangements and publi poliies innovations, whih in

general will interfere (sometimes desirably) in this orrelation. Thus, if the matries K and B

were hosen to be diagonal, one would be �tied� to the �physial� struture of the supply hain,

with very low possibility of optimizing the hain as a whole. Both, K and B should be hosen

full, that is, all their elements should be non null, so one ould be able to aommodate all

possible orrelations between the demands for the various produts, being these either positive

or negative, whatever being theirs varianes. This means that both, the prodution planning

(poliy) (K) and the stok ontrol (B) should be established for the hain as a whole, as a

funtion of the vetorial demand. In the ase of the energy-water nexus this is ruial.

The numerial solution for the eAt
matrix is straight forward. One an use the Taylor

series approximation for the simulations.

5.0.3 Integrated Poliies for Energy, Water, Food, and Transport

The model struture allows the inlusion of any number of setors of the eonomy, as well

as the national inome aounts, and a general equilibrium analysis. It is a natural setup for

these studies, and thus a feasible tool for proposing national development poliies.

Here one has four setors that are more losely linked. One has then four state variables.

This model was also implemented in a spreadsheet. The results are. . .
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5.1 Suggestions For Future Studies

Earth and the ommunities that live upon it are part of a system. By approahing these

massive problems from an integrated standpoint, one begins to solve problems in a more

systemati way.

The energy-water nexus is gaining tration with diverse stakeholders around the world

and it is beoming inreasingly lear that one annot plan for the planet's future if one does

not onsider energy and water together.

There is a lose onnetion, or nexus, between energy and water:

It takes a signi�ant amount of water to reate energy. Water is used to ool steam

eletri power plants � fueled by oal, oil, natural gas and nulear power � and is required

to generate hydropower. Water is also used in great quantities during fuel extration, re�ning

and prodution.

It takes a signi�ant amount of energy to extrat, move and treat water for drinking and

irrigation. It is used in the olletion, treatment and disposal of waste water. Energy is also

onsumed when water is used by households and industry, espeially through heating and

ooling.

Water and energy poliy, planning and management must be integrated to enourage

onservation, motivate innovation and ensure sustainable use of water and energy.

It takes a signi�ant amount of water to reate energy, and a signi�ant amount of energy

to move and treat water.

You may not realize it, but when you use energy, you're also using water indiretly � lots

of it!

Energy and water are fundamentally intertwined, but the linkages of these two vital re-

soures also greatly impat the food and transportation setors. More and more we hear

about the energy-water-food nexus and how we are going to manage growing populations and

the demands on all three resoures. Plus, when we take into aount the global impats from

limate hange, we're looking at some big hallenges � but also some inredible opportunities.
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Appendix A: An

Input-Output Dynamial

Model

Appendix

6.1 The Overall Dynamial System

Equations 3.14 will now be algebraially manipulated in order to obtain an equation for

dx
dt

and s, as a funtion of x and d. One will have:

s = (I − A)x−Bu

= (I − A)x−BK(d− s)

(I −BK)s = (I − A)x−BKd

∴ s = (I − BK)−1(I −A)x− (I −BK)−1BKd

The prodution time rate will be:

dx

dt
= K(d− s)

= K
[

d− (I −BK)−1(I − A)x+ (I −BK)−1BKd
]

= −K(I −BK)−1(I −A)x+K
[

I + (I −BK)−1BK
]

d

= −K(I −BK)−1(I −A)x+K(I − BK)−1d
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sine

[

I + (I −BK)−1BK
]

= (I − BK)−1.

The losed loop ontrol system will then be desribed by:

dx

dt
= −K(I − BK)−1(I −A)x+K(I −BK)−1d (6.1)

s = (I −BK)−1(I −A)x− (I −BK)−1BKd (6.2)

In the equilibrium point, that is, when

dx
dt

= 0, one will have:

u = K(d− s) = 0 ∴ d = s,

as it should be. In fat, one has

dx

dt
= −K(I −BK)−1(I − A)x+K(I −BK)−1d = 0,

∴ −(I −BK)−1(I −A)x+ (I −BK)−1d = 0

∴ (I − BK)−1(I −A)x = (I − BK)−1d.

But sine

[

I + (I −BK)−1BK
]

= (I − BK)−1 ⇒ (I −BK)−1BK = (I −BK)−1 − I,

it follows that, in the equilibrium point:

s = (I − BK)−1(I −A)x− (I −BK)−1BKd

= (I − BK)−1d− (I −BK)−1BKd

= (I − BK)−1d−
[

(I −BK)−1 − I
]

d

=
[

(I − BK)−1 − (I −BK)−1 + I
]

d

= Id

= d.

as it should be, with no restritions whatsoever on the model matries.

The restritions on the model matries should be though introdued as to guarantee

stability. From the losed loop equation it an be observed that it is the demand that �ontrols�

the system. To guarantee stability, it is neessary that the real part of the eigenvalues of the

matrix

−K(I −BK)−1(I −A)
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be negative. In other words, the roots of the polynomial

det
[

λI +K(I − BK)−1(I −A)
]

= 0, (6.3)

where λ is the vetor of eigenvalues, should have negative real parts. Complex roots should

be avoided, sine this would mean osillations in the produed quantities.

The model allows so a great �exibility as far as the hoies of the K and B matries are

onerned. Matrix A is typially given; it is, so to speak, �physial�, �strutural�. By hosing

K and B one ould substantially alter a prodution hain dynamis, bringing it to a trajetory

that optimizes a pre-established objetive funtional, de�ned by the hain managers.

Note that when the stok growth is negligible, one ould set B = 0. In this ase the model

would be:

dx

dt
= −K(I −A)x+Kd

s = (I −A)x

The matrix −K(I −A) represents the proper dynamis of the system.

One should have in mind that the matrix (I − A) must be always feasible, as mentioned

before.

6.1.1 The Use of The Model

To run the model one has to have estimates of the elements of the A matrix (the existent

�physial� struture), hose the K and B matries, a predition for the demand time series,

and solve the linear di�erential equations system:

dx

dt
= −K(I − BK)−1(I −A)x+K(I −BK)−1d (6.4)

s = (I −BK)−1(I −A)x− (I −BK)−1BKd (6.5)

Letting

A = −K(I − BK)−1(I −A)

B = K(I − BK)−1

C = (I − BK)−1(I −A)

D = −(I − BK)−1BK

(6.6)

the linear dynamial system will then be desribed by:

dx

dt
= Ax+Bd

s = Cx+Dd

(6.7)



77

where

• x is the state variable;

• d is the ontrol variable (the input);

• s is the system's output.

The simplest �prodution hain� (say, only energy, or only water) is the unitary hain. In

this ase one has only one produt: x, whih now is a salar. The same is true for d and s.

The parameters will also be salars, and so the model of the system will be:

dx

dt
= −αx + βd (6.8)

s = γx+ δd (6.9)

If the fabriation of this unique produt, x, at the initial time is x(0), the prodution at any

time t ahead will be

x(t) = e−αtx(0) +

∫ t

0

e−α(t−τ)βd(τ)dτ (6.10)

If the demand were onstant, say,

d(t) = d,

the produed quantity would be:

x(t) = e−αtx(0) + βd

∫ t

0

e−α(t−τ)dτ =
1− e−αt

α
,

and thus, when quando t → ∞, one would have:

lim
t→∞

x(t) =
βd

α
,

whih, as a matter of fat, is the equilibrium point (when

dx
dt

= 0).

It happens in general that demand d(t) is a stohasti proess, and one has to onsider

numerial proedures to solve the equation, in this ase. There will be no analyti expression

for d(t) whih ould be integrated. One the series for x(t) is obtained, the series for s is

immediately alulated, by substituting x and d.

In the ase of two or more produts (energy, water, and food, for instane), whatever be

the produtive hain struture, the solution has the same �physiognomy�:

x(t) = eAt
x(0) +

∫ t

0

eA(t−τ)βd(τ)dτ,
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now eAt
being a matrix. Note that the number of vetor x oordinates is the same as in

vetors d and s; this orrespond to the n produts. Thus A, B, C, and D are all square n×n

matries.

In the �real world� the demand for the various produts do not vary in a �xed proportion

among them. So, for instane, d1 ould inrease and d2 derease. This ould happen depending

on several fators. In the ase of energy and water, for instane, one ould have tehnologial

development, as well as prodution arrangements and publi poliies innovations, whih in

general will interfere (sometimes desirably) in this orrelation. Thus, if the matries K and B

were hosen to be diagonal, one would be �tied� to the �physial� struture of the supply hain

(the energy-water nexus), with very low possibility of optimizing the hain as a whole. Both,

K and B should be hosen full, that is, all their elements should be non null, so one ould be

able to aommodate all possible orrelations between the demands for the various produts,

being these either positive or negative, whatever being theirs varianes. This means that both,

the prodution planning (poliy) (K) and the stok ontrol (B) should be established for the

hain as a whole, as a funtion of the vetorial demand. In the ase of the energy-water nexus

this is ruial.

The numerial solution for the eAt
matrix is straightforward. One an use the Taylor

series approximation for the simulations.

6.2 A Spreadsheet Implementation of The Model

A numerial implementation of the model was done using a spreadsheet, as was done in

[9℄.

6.2.1 The Numerial Evaluation of a Dynamial Linear System State

Transition Matrix

A Taylor series approximation was used to alulate the numerial solutions of the di�er-

ential equations.

φ(t) = eFt ≈
N
∑

k=0

(Ft)k

k!
.

where F is a n× n square matrix.

eFT ≈ I + FT +
(FT )2

2!
+

(FT )3

3!
+ · · · +

(FT )IPROX

IPROX!
.
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In most appliations one uses between 10 and 20 terms in the series.

exp(F ) = eF = I +
F

1!
+

F 2

2!
+

F 3

3!
+ · · · +

F k

k!
+ · · · =

∞
∑

k=0

F k

k!
.

6.3 Disretization of the Model

Consider the multidimensional linear dynamial system:

ẋ = Ax+ Bu

One wants to disretize it, in order to make the alulations and simulations, and represent

it by the equation:

x((k + 1)T ) = G(T )x(kT ) +H(T )u(kT )

The matries G and H will depend upon the sampling period T . One this period is �xed, G

and H will be onstant matries.

In the ontinuous ase the solution is given by:

x(t) = eAtx(0) + eAt

∫ t

0

e−Aτ
Bu(τ)dτ

One assumes that between any two onseutive sampling instants, all u omponents are

onstant, that is,

u(t) = u(kT )

for the k-th sampling period. Sine

x((k + 1)T ) = eA(k+1)Tx(0) + eA(k+1)T

∫ (k+1)T

0

e−Aτ
Bu(τ)dτ

and

x(kT ) = eAkTx(0) + eAkT

∫ kT

0

eAτ
Bu(τ)dτ

multiplying this last expression by eAT
and subtrating from the previous one, one obtains:

x((k + 1)T ) = eATx(kT ) + eA(k+1)T

∫ (k+1)T

kT

e−Aτ
Bu(τ)dτ

= eATx(kT ) + eAT

∫ T

0

e−At
Bu(kT )dt =

= eATx(kT ) +

∫ T

0

e−Aλ
Bu(kT )dλ (∗)
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where λ = T − t. If one de�nes











G(T ) = eAT

H(T ) =
(

∫ T

0
eAtdt

)

B

then equation (∗) beomes

x((k + 1)T ) = G(T )x(kT ) +H(T )u(kT )

Simulations of the model for the ase of the energy-water nexus were done using a spread-

sheet. Two main ases were studied: separated (independent) prodution poliies for energy

and water, and integrated poliies. The results are presented in the sequel.

6.4 The System Disretization Computations

d~x

dt
= −K(I − BK)−1(I −A)~x+K(I −BK)−1~d (6.11)

~s = (I −BK)−1(I −A)~x− (I −BK)−1BK~d (6.12)

6.5 The Numerial Computations for the State Transition Ma-

trix

e[−K(I−BK)−1(I−A)]t≈
20
∑

k=0

{[−K(I − BK)−1(I −A)]t}k

k!
.

∫

e[−K(I−BK)−1(I−A)]tdt ≈

20
∑

k=0

[−K(I − BK)−1(I −A)]ktk+1

(k + 1)!
.

For the disretization:

G(T ) = e[−K(I−BK)−1(I−A)]T ≈
20
∑

k=0

{[−K(I −BK)−1(I −A)]T}k

k!
=

= I + [−K(I − BK)−1(I −A)]T +
{[−K(I − BK)−1(I −A)]T}2

2!
+

+
{[−K(I − BK)−1(I −A)]T}3

3!
+ · · · +

{[−K(I −BK)−1(I − A)]T}20

20!
.
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H(T ) =

{

∫ T

0

e[−K(I−BK)−1(I−A)]tdt

}

[K(I − BK)−1] ≈

≈

{

20
∑

k=0

{[−K(I − BK)−1(I −A)]T}k+1

(k + 1)!

}

× [K(I −BK)−1] =

=

{

[−K(I −BK)−1(I −A)]T +
{[−K(I −BK)−1(I − A)]T}2

2!
+

+
{[−K(I −BK)−1(I −A)]T}3

3!
+ · · ·+

{[−K(I − BK)−1(I −A)]T}21

21!

}

[K(I −BK)−1].

The disrete simulation equation is then:

~x((k + 1)T ) = G(T )~x(kT ) +H(T )~d(kT ), k = 0, 1, 2, · · · , 30.

In the simulation, the equation whih omputes the supply ontinues to be:

~s(kT ) = (I −BK)−1(I −A)~x(kT )− (I −BK)−1BK~d(kT ), k = 0, 1, 2, · · · , 30.

The value of T should be in a spreadsheet �xed ell. One an begin with T = 1.
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Appendix B: An Optimal

Control Model

Appendix

The Neessary Optimality Conditions.

7.1 The Hamiltonian

The Hamiltonian will be given by:

H = e−δt{Lu(c) + q0(−µ0K0 + I0) + q1(−µ1K1 + µ31K3 + µ41K4 + I1)+

+ q2(−µ2K2 + µ32K3 + µ42K4 + I2) + q3(−µ3K3 + I3)+

+ q4(−µ4K4 + µ24K2 + I4) + pE(−E) + pD[−(W1 +W2 +W3)]} (7.1)

where e−δtq0, e
−δtq1, e

−δtq2, e
−δtq3, e

−δtq4, e
−δtpE, and e−δtpD are the ostate variables.

7.2 Basi Computations

From (4.11) one obtains:

c =
1

L
[F (K0, L0, EN ,W1)− I0 − I1 − I2 − I3 − I4],

from whih it follows that:

∂c

∂F
=

1

L
;

∂c

∂I0
=

∂c

∂I1
=

∂c

∂I2
=

∂c

∂I3
=

∂c

∂I4
= −

1

L
.
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From (4.23) one will have:

∂EN

∂E
= 1;

∂EN

∂W3
= 1;

∂EN

∂W2
= −1;

∂EN

∂W1
= −1.

7.3 Neessary Conditions for the Maximization of

the Hamiltonian

1.

∂H
∂Ii

= 0 ⇒ ∂H
∂Ii

= e−δt
(

Ldu
dc

∂c
∂Ii

+ qi

)

= 0 and therefore

qi =
du

dc
, i = 0, 1, 2, 3, 4. (7.2)

Thus, q0 = q1 = q2 = q3 = q4 = q, where q is the ommon value of all apital shadow

pries.

2.

∂H
∂E

= 0 ⇒ ∂H
∂E

= e−δt
[

Ldu
dc

∂c
∂F

(

∂F
∂EN

· ∂EN

∂E

)

− pE

]

= e−δt
[

du
dc

∂F
∂EN

− pE

]

= 0

∴ pE = du
dc

· ∂F
∂EN

, ∂F
∂EN

= pE

q
, sine

du
dc

= q.

3.

∂H
∂W3

= 0 ⇒ ∂H
∂W3

= e−δt
[

Ldu
dc

∂c
∂F

(

∂F
∂EN

· ∂EN

∂W3

)

− pD

]

= e−δt
[

du
dc

∂F
∂EN

− pD

]

= 0

∴ pD = du
dc

· ∂F
∂EN

, ∂F
∂EN

= pD

q
, sine

du
dc

= q.

From this item and the immediately previous item, one onludes that pE = pD, and the

ommon value will be alled p. So:

∂F

EN

=
p

q
. (7.3)

4.

∂H
∂W1

= 0 ⇒ ∂H
∂W1

= e−δt
[

Ldu
dc

∂c
∂F

(

∂F
∂EN

· ∂EN

∂W1

+ ∂F
∂W1

)

− pD

]

=

= e−δt
[

du
dc

(

− ∂F
∂EN

+ ∂F
∂W1

)

− pD

]

= 0

∴ pD = du
dc

·
(

∂F
∂W1

− ∂F
EN

)

= q
(

∂F
∂W1

− ∂F
EN

)

, , sine

du
dc

= q, and so

∂F
∂W1

= pD

q
+ ∂F

EN
.

But, from the previous item,

∂F
EN

= pD

q
, and so one onludes that

∂F
∂W1

= 2 ∂F
EN

= 2pD

q
=

2p
q
.

One has then:

∂F

∂W1
= 2

∂F

∂EN

= 2
p

q
. (7.4)

Sine

∂F

∂E
=

∂F

∂EN

∂EN

∂E
=

∂F

∂EN

and

∂F

∂W3
=

∂F

∂EN

∂EN

∂W3
=

∂F

∂EN
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one onludes that:

∂F

∂W1
= 2

∂F

∂E
= 2

p

q
, (7.5)

and

∂F

∂W1
= 2

∂F

∂W3
= 2

p

q
, (7.6)

7.4 The Costate Variables Dynamis

1.

d(e−δtq0)
dt

= − ∂H
∂K0

∴ e−δt
(

dq0
dt

− δq0

)

= −e−δt
(

−q0µ0 + Ldu
dc

∂c
∂F

∂F
∂K0

)

∴
dq0
dt

= δq0 + q0µ0 −
du
dc

· ∂F
∂K0

2.

d(e−δtq1)
dt

= − ∂H
∂K1

∴ e−δt
(

dq1
dt

− δq1

)

=

= −e−δt
[

−q1µ1 + Ldu
dc

∂c
∂F

(

∂F
∂EN

∂EN

∂W1

∂W1

∂K1

+ ∂F
∂W1

∂W1

∂K1

)

− pD
∂W1

∂K1

]

∴

dq1

dt
= δq1 + q1µ1 −

du

dc

(

−
∂F

∂EN

∂W1

∂K1
+

∂F

∂W1

∂W1

∂K1

)

+ pD
∂W1

∂K1

= δq1 + q1µ1 −
du

dc

(

∂F

∂W1
−

∂F

∂EN

)

∂W1

∂K1
+ pD

∂W1

∂K1

= δq1 + q1µ1 +

[

pD −
du

dc

(

∂F

∂W1
−

∂F

∂EN

)]

∂W1

∂K1

= δq1 + q1µ1 +

[

pD − q1

(

∂F

∂W1
−

∂F

∂EN

)]

∂W1

∂K1

3.

d(e−δtq2)
dt

= − ∂H
∂K2

∴ e−δt
(

dq2
dt

− δq2

)

=

−e−δt
(

−q2µ2 + Ldu
dc

∂c
∂F

∂F
∂EN

∂EN

∂W2

∂W2

∂K2

+ µ24q4 − pD
∂W2

∂K2

)

∴
dq2

dt
= δq2 + q2µ2 − µ24q4 +

du

dc
·
∂F

∂EN

∂W2

∂K2
+ pD

∂W2

∂K2

= δq2 + q2µ2 − µ24q4 +

(

pD +
du

dc
·
∂F

∂EN

)

∂W2

∂K2

4.

d(e−δtq3)
dt

= − ∂H
∂K3

∴ e−δt
(

dq3
dt

− δq3

)

=

= −e−δt
(

−q3µ3 + Ldu
dc

∂c
∂F

∂F
∂EN

∂EN

∂W3

∂W3

∂K3

+ µ31q1 + µ32q2 − pD
∂W3

∂K3

)

∴

dq3

dt
= δq3 + q3µ3 − µ31q1 − µ32q2 −

du

dc

∂F

∂EN

∂W3

∂K3
+ pD

∂W3

∂K3

= δq3 + q3µ3 − µ31q1 − µ32q2 +

(

pD −
du

dc

∂F

∂EN

)

∂W3

∂K3
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5.

d(e−δtq4)
dt

= − ∂H
∂K4

∴ e−δt
(

dq4
dt

− δq4

)

=

= −e−δt
(

−q4µ4 + Ldu
dc

∂c
∂F

∂F
∂EN

∂EN

∂E
∂E
∂K4

+ µ41q1 + µ42q2 − pE
∂E
∂K4

)

∴

dq4

dt
= δq4 + q4µ4 −

du

dc
·
∂F

∂EN

∂E

∂K4
− µ41q1 − µ42q2 + pE

∂E

∂K4

= δq4 + q4µ4 − µ41q1 − µ42q2 −
du

dc
·
∂F

∂EN

∂E

∂K4
+ pE

∂E

∂K4

= δq4 + q4µ4 − µ41q1 − µ42q2 +

(

pE −
du

dc
·
∂F

∂EN

)

∂E

∂K4

6.

d(e−δtpE)
dt

= − ∂H
∂DE

∴ e−δt
(

dpE

dt
− δpE

)

= −e−δt
(

Ldu
dc

∂c
∂F

∂F
∂EN

∂EN

∂E
∂E
∂DE

− pE
∂E
∂DE

)

=

= −e−δt
(

du
dc

∂F
∂EN

∂E
∂DE

− pE
∂E
∂DE

)

dpE

dt
= δpE +

(

pE −
du

dc

∂F

∂EN

)

∂E

∂DE

7.

d(e−δtpD)
dt

= −∂H
∂D

∴ e−δt
(

dpD

dt
− δpD

)

=

= e−δt
{

Ldu
dc

∂c
∂F

[

∂F
∂EN

(

∂EN

∂W1

∂W1

∂D
+ ∂EN

∂W2

∂W2

∂D
+ ∂EN

∂W3

∂W3

∂D

)

+ ∂F
∂W1

∂W1

∂D

]}

−

−e−δt
{

−pD
(

∂W1

∂D
+ ∂W2

∂D
+ ∂W3

∂D

)}

=

= −e−δt
{

du
dc

[

∂F
∂EN

(

−∂W1

∂D
− ∂W2

∂D
+ ∂W3

∂D

)

+ ∂F
∂W1

∂W1

∂D

]

− pD
(

∂W1

∂D
+ ∂W2

∂D
+ ∂W3

∂D

)

}

=

= −e−δt
{

−du
dc

∂F
∂EN

(

∂W1

∂D
+ ∂W2

∂D

)

+ du
dc

∂F
∂EN

∂W3

∂D
+ du

dc
∂F
∂W1

∂W1

∂D
−pD

(

∂W1

∂D
+ ∂W2

∂D

)

−pD
∂W3

∂D

}

∴

dpD

dt
= δpD +

(

pD +
du

dc

∂F

∂EN

)(

∂W1

∂D
+

∂W2

∂D

)

+

(

pD −
du

dc

∂F

∂EN

)

∂W3

∂D
−

du

dc

∂F

∂W1

∂W1

∂D

Sine all pi's are equal to the ommon value p and all qj 's are equal to the ommon value

q, and ∂F
∂EN

= p
q
, and

∂F
∂W1

= 2p
q
(setion 7.3), one obtains from items 1, 2, 3, 4, 5, 6, and 7 of

this setion 7.4:

1

′
.

dq
dt

=
(

δ + µ0 −
∂F
∂K0

)

q ∴
q̇
q
= δ + µ0 −

∂F
∂K0

2

′
.

dq
dt

= δq + qµ1 +
[

p− q
(

2p
q
− p

q

)]

∂W1

∂K1

= (δ + µ1)q ∴
q̇
q
= δ + µ1

3

′
.

dq
dt

= δq+ qµ2−µ24q+
(

p+ q · p
q

)

∂W2

∂K2

= δq+ qµ2−µ24q+2p∂W2

∂K2

= δq+ qµ2−µ24q+

+q ∂F
∂W1

∂W2

∂K2

=
(

δ + µ2 − µ24 +
∂F
∂W1

∂W2

∂K2

)

q ∴
q̇
q
= δ + µ2 − µ24 +

∂F
∂W1

∂W2

∂K2

4

′
.

dq
dt

= δq + qµ3 − µ31q − µ32q +
(

p− q p
q

)

∂W3

∂K3

= (δ + µ3 − µ31 − µ32)q ∴
q̇
q
=

δ + µ3 − µ31 − µ32
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5

′
.

dq
dt

= δq + qµ4 − µ41q − µ42q +
(

p− q p
q

)

∂E
∂K4

= (δ + µ4 − µ41 − µ42)q ∴
q̇
q
=

δ + µ4 − µ41 − µ42

6

′
.

dp
dt

= δp+
(

p− q p
q

)

∂E
∂DE

= δp and therefore

ṗ

p
= δ. (7.7)

7

′
.

dp
dt

= δp+
(

p+ q p
q

)

(

∂W1

∂D
+ ∂W2

∂D

)

+
(

p− q p
q

)

∂W3

∂D
− q2p

q
∂W1

∂D
=

= δp+ 2p
(

∂W1

∂D
+ ∂W2

∂D

)

− 2p∂W1

∂D
= δp+ 2p∂W2

∂D
and therefore

ṗ

p
= δ + 2p

∂W2

∂D
(7.8)

From 7.7 and 7.8 one obtains:

∂W2

∂D
= 0. (7.9)

One onludes then that:

q̇

q
− δ = µ0 −

∂F

∂K0
= µ1 = µ2 − µ24 +

∂F

∂W1

∂W2

∂K2
= µ3 − µ31 − µ32 = µ3 − µ41 − µ42

∴

∂F

∂K0
= µ0 − µ1 = µ0 − µ2 + µ24 −

∂F

∂W1

∂W2

∂K2
= µ0 − µ3 + µ31 + µ32 = µ0 − µ4 + µ41 + µ42

Sine, by hypothesis,

∂F
∂K0

> 0, one has to have:

µ0 > µ1 (7.10)

By the same token

µ0 − µ2 + µ24 −
∂F

∂W1

∂W2

∂K2
> 0,

and so

∂W2

∂K2
<

q

2p
(µ0 − µ2 + µ24). (7.11)

Sine

∂W2

∂K2

> 0, one must have

µ0 > µ2 − µ24. (7.12)

Also

µ0 > µ3 − µ31 − µ32, (7.13)
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and

µ0 > µ4 − µ41 − µ42, (7.14)

and thus:

µ0 > max{µ2 − µ24, µ3 − µ31 − µ32, µ4 − µ41 − µ42}. (7.15)

From the equalities in the expression of

∂F
∂K0

, one obtains

−µ1 = −µ2 + µ24 −
∂F

∂W1

∂W2

∂K2

and so

∂W2

∂K2
=

q

2p
(µ1 − µ2 + µ24). (7.16)

It is also true that:

∂W2

∂K2
=

q

2p
(µ3 − µ2 + µ24 − µ31 − µ32), (7.17)

and

∂W2

∂K2
=

q

2p
(µ4 − µ2 + µ24 − µ41 − µ42). (7.18)

Hene, sine

∂W2

∂K2

> 0, one obtains:

µ1 > µ2 − µ24 (7.19)

µ3 > µ2 − µ24 + µ31 + µ32 (7.20)

µ4 > µ2 − µ24 + µ41 + µ42 (7.21)

The fat that

∂F

∂K0
= µ0 − µ2 + µ24 −

∂F

∂W1

∂W2

∂K2
= µ0 − µ2 + µ24 −

2p

q

∂W2

∂K2

implies that:

∂W2

∂K2
ր ⇒

∂F

∂K0
ց, (7.22)

and that:

µ24 ր ⇒
∂F

∂K0
ր, (7.23)

and also that

µ2 ր ⇒
∂F

∂K0
ց . (7.24)
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Note that

∂F

∂K1
=

∂F

∂EN

·
∂EN

∂K1
+

∂F

∂W1
·
∂W1

∂K1
=

∂F

∂EN

·
∂EN

∂W1
·
∂W1

∂K1

=
∂F

∂EN

· (−1) ·
∂W1

∂K1
+

∂F

∂W1
·
∂W1

∂K1
= −

p

q
·
∂W1

∂K1
+

∂F

∂W1
·
∂W1

∂K1

=

(

∂F

∂W1
−

p

q

)

·
∂W1

∂K1
=

(

2
p

q
−

p

q

)

·
∂W1

∂K1
=

p

q
·
∂W1

∂K1
> 0

∂F

∂L1
=

∂F

∂EN

·
∂EN

∂L1
+

∂F

∂W1
·
∂W1

∂L1
=

∂F

∂EN

·
∂EN

∂W1
·
∂W1

∂L1

=
∂F

∂EN

· (−1) ·
∂W1

∂L1
+

∂F

∂W1
·
∂W1

∂L1
= −

p

q
·
∂W1

∂L1
+

∂F

∂W1
·
∂W1

∂L1

=

(

∂F

∂W1
−

p

q

)

·
∂W1

∂L1
=

(

2
p

q
−

p

q

)

·
∂W1

∂L1
=

p

q
·
∂W1

∂L1
> 0

and

∂F

∂K2
=

∂F

∂EN

·
∂EN

∂W2
·
∂W2

∂K2
=

p

q
· (−1) ·

∂W2

∂K2
= −

p

q
·
∂W2

∂K2
< 0

∂F

∂L2
=

∂F

∂EN

·
∂EN

∂L2
·
∂W2

∂L2
=

p

q
· (−1) ·

∂W2

∂L2
= −

p

q
·
∂W2

∂L2
< 0

and

∂F

∂K3
=

∂F

∂W3
·
∂W3

∂K3
=

∂F

∂EN

·
∂EN

∂W3
·
∂W3

∂K3
=

p

q
·
∂W3

∂K3
> 0

∂F

∂L3
=

∂F

∂W3
·
∂W3

∂L3
=

∂F

∂EN

·
∂EN

∂W3
·
∂W3

∂L3
=

p

q
·
∂W3

∂L3
> 0

and

∂F

∂K4
=

∂F

∂E
·
∂E

∂K4
=

∂F

∂EN

·
∂EN

∂E
·
∂E

∂K4
=

p

q
·
∂E

∂K4
> 0

∂F

∂L4
=

∂F

∂E
·
∂E

∂L4
=

∂F

∂EN

·
∂EN

∂E
·
∂E

∂L4
=

p

q
·
∂E

∂L4
> 0

So

∂F

∂K2
< 0;

∂F

∂L2
< 0 (7.25)

and

∂F

∂K1
> 0,

∂F

∂L1
> 0;

∂F

∂K3
> 0,

∂F

∂L3
> 0;

∂F

∂K4
> 0,

∂F

∂L4
> 0. (7.26)
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